






Let"H), .
.

. .. TCH) and Elct),-- - EC be two fundamental set of
sol- to (3) on <>B ,

and let.

Wit = def [Not ... Wout]

Wack = det (eit .... Eit]

We also know that there exist Consents CandC such that

NICH = Ge [S
*

P +P +..P]
and

Wat = ceSPex + Pax + -- Panax
for all & <+ p .

The formula W
,

and Wh is only different at Most by
a Moltiplicative constant on datap.



x"= 02

accound
for second derivative- >

y" = 02y
M

x" + X -

2y = +3y LOGIX-GYT~ X + y" = et

(02)(i) : (t)

General form of N = (10-5
EenVelve-> defIA-XI) =0FindEsen Vectora

N2 10X +25

↓
= (x -5)2

x =5

Spectat I 10-55
1 TP-IMO

==
↑ let= ) thenit



↓
Hence Kit = (est()

for repented roof
-

find W such that (A-XI)W = Y

I 5-5w
5 -5 = 1

-

- 52 : 1

5 = 5W2 + 1

let = 1

then
5-1 =5

=



Xi= AX

A =

(10 =5) =>
find EigeValues *-10 + 250

↓

(x-5) = 0

↓
X = 5 - repeated roof

&= 5 (A-XI)8 : 0

Rowed-( = )(v) = 0

55 - 552 = 0

5 = 52
let

,
=

2
= 1

x(x = est(4)
for repeated value(4t = ext(+ + W)

where CA-XI) W = En
↓

(E) =(i)
5W-5w2 = 1

5w - 552 = 1



5w = 1 + 52

let w = 1

than wi=b
x
*7 = + (4) e5t + (E) it

General form -- xC+ ) = G( ! ) est + 1 (f(h)e5
+

+ (5) est)
↓

Gest(+)

->
z = (4)S

IDInitial z Az

a = z = (4) ↓

Eco = (9)
X = (2 - )x

-

Eigen Value = x2-4X + 13 = 0 1

↓ 13x

·



G
Eigen Value =<"Pet(A-XI) = 0

= x2 - 4x + 13 = 0

↓ -
factess

ze

-
36

Eli
X = 2131

let use case "X = 2+ 31

↓2c
+

i)mis)(% ) : 0

(i)
- 3i8

, -98 : 0

-Sin = 0 -> V = siv2
↓



let
2

= 1 then Y
,

= 3i

Hence yet(cosnt) + isincst) (3)
= e) Sicocotin a

= eht (-ssinst) jet)cost
Y = Cet(sinst) t Let(SCOST



i
= 2135

use Case X = 2+ 3 %

find Eigen Vector=> (A-XI)V = 0

Ca-z-si -3) = 0

(i)
-Si-9 = 0

1 -Si = 0

Let
,

= 3i , 2 =
/

v = (i)
xx eat(cos(3f] + is in (sti)()

= e2t(sicosut-in
- eat(-Isinc)tietcost



xct) = (e2t(sin) + Let us
As Econ : (b)

Hence x(a = 4(9)+ (6) :
4 = 0

- = f

Sols xots = est)-Isinst)-
> X

(los1st-> Y

z
X = -zeet sint
y = ez

+ (03)



A
A -12 + 7

find Eigen Value . X24)-5 : 0

(-5)(x+ 1)
z

X =5
- 7

w
Eigen Vector = (A-XITV = 0

AX = 5.

( = )m : 0

-7 = 0

:7
↓

let
=

= 1
,
Y

,

= ) 7

xan+ = est(i)
W &

- (5::
78

-

78 = 0 - FY = 78
↓



let
,

= vc = 1

xn+ =

e
-+

(b)

Since both of the pain are solution to the samedifferential equation .
Hence

yo andy must be a linear combination of the solution X.
let yell : Mine + " 12712

y (2)
=a + 9 *

12

where a is also a constant= Weylyce) =/ /
IW

=Mawe-Me)n
ve

Hence X =y= Vi
We Chede-e& e) Ye * 2

-

12 :

1124) + 2
*
21

v

- (192 -141(X11-* )
z

=(9)
Prove -> WCy , y() = cW(yXM]



as ye (to), ..
.. X

(M)
(to) are lineary independent at to .

This means there exist a constant

G ...... Im not all zero sucthet

4 X"Cto) + <X
*
(to) + . . . G

* Hol = 0

Define => zC) = GX"() + (x + + (m +
"

Cto) -> Hence also ECto) shold be = 0

or xict) = pstxif =(t = Gx
**f + 12x* + + -- (**(f)

A

As x' = Pctxct)=<COCHX"(t) + 1
.
Pct

**
E

↓
= z'Ct) = P(t) (b)

*
(f) + (2X

* (t)

↓

Sastify as zCt) = Pct) Ect) <) X = Puts X



(a.) As zCt] = <x
* + + .. . + (x +

then
zCt) = lx"+ + .. . Cn't

we know that XC-PC)X 30-z = (PC)+ In PCt)X

() = PCt (C
,
01 + (nx4)

= zict)EPCH zut)
&

Prover
(6) -

> We know that zct) = (
,
X (t) + . .

.
- (pXMH)

v

also zCH = kx ++.... KnxCstApply initial Condition ECto) = 0

As both of en are solution heres = 1 x + + ... (nx* = Kixf+ ... Knxn't

then (6-k)xhf +.. (Cy-Kpxf = 0

Since it is linearly independendent then ii-Ki = 0 -> for all i = 1
, --



(a) w(x(, x() =

(tet) : fet-ztetp-late
16 . ) Linear Independent throw out the whole interval except when t = 0. and += 2

(C . ) It should have some discontinuity when t =

(d) = x = Ax =

(2+

) =) , (e) =(c)

dete↓ Let + det = et

Yegp
-

9 =

- - 4 ( -Jet + Jet - et
Plug to ep .2 =

= It - Let + bet = et
-

Let + bet = et-fet
↓ (-zeet)=et) <

b = 1



us 6 = 1 then at" 2- 2

q = 8

- 2 = chidet >

↓
ct

=
= z -

2 + d

= -
Ates. -

-et
2 - 2df + d +E +

2

2 - th= int -d +2

2 - + 2
= d (2+ - +4)

= Or
Hence L = s 2 = Ct+

z
solve give c

:

XI

P



- 4 - (- 6)

- 4 + 6 = 2

X= Ax -> Eigen Value det (A-(1) = 0

or use X+ 3X + z = 0

b
(x + 2)(X+ 1)

V

Case X = -2 CA - XI)V = 0
-

(3) (i) =
0

SY-2V = O

3
,

=2
let =2

2
= 3

x()f =

e
- 2+

(3)
Case t = -1 CA-XIV = 0

·

(2)() = 0

28 -282
: 0

2 =22
let

-
= z = 1

yat = e(i)



↓eral Sol-xets = (
, (5) e

**

+1 (i) et

as in the longItisnodalsinkandS orieing
Oran direction field. -

·
z5↑

x - Ex + 1

=(1):
-#
-

X = El

x = 2 orX = 2
w

Eigen Value

↓



Find EigenVector . => CA-LIST-0 E -L :

()
- + E = 0

=
24+ = et(i)

= (E)
+ 2

= 0

let = 1 ,=
-

>

x + = e
=+(- )

x() = G(b) et + (n(-) eat
v

As+ approach infinity the solution is unbound and -> o

it2
~ D = &
S



2
Nodal source (Unstable)

X :Ax => find Eigen Value detCA-X 1) = 0

(1 &21 l

= (-X((-xxe-x) - 1) - 1 ((- x) - 2) + 2(1 - 2(2 - x))
- (1 - +7 (2 -

2x - X + x2) - 1) - 1(- 1 - x) + 2(
- 3 +2x)

%
= (e - 7) (x2 - 3x + 1) + x + 1 - 6 + 4x

= -****x+ - 6 + A = 0

↓

- Xi + 4x2 + x - 4 = 0

= X3 -4x4 7 + 4 = 0

let x = 1 1 - 4 = 1 + t

- 4 + 4 = e

one roof is X = 1

#
X2-3x - 4

(x -4)(x + 1)



Eigen Value = )
= 1 , % : 1

Case X = 1
.

= ) (A-XI)V = 8

((() = 0

Yz + 2 = 0

v
,+ + V = 0

2 + Y2 = 0

Y = - 25s

set = 1 ->= - 2

28, -2 : 0
-> & : /

xm + = e
+

(2)

#
2Ry-Bs()

- 35
,

+ Vz + 28 = 0

v =
=

2 + Vz = 8

t



-5 + 5V3 = 0

= 13 = 1

- 38y + 1 + 2 =
0

- 35
,

+3 = 0

1 = 1

x( + = e (i)
entice

(?)
242 -

Rs)(v) = =

V

5
Hence 28 + 253 = 0

187 + 153 = 0

V = -Y

let
s

= 7 then n
=

-1
↓ht = c e

+

(i)



xct) =

(()e + \()et +1))

defCA-IIE = o(i
- - X (- x(4- x)) - 1(4 - x) = 0 -

=
- X) - 16 + x2) - 4 + x =

4x2 - y) - 4 - X = 0

= X3 - 4x2+ x + 4 = 0

v = 1
~

-P
1 - 3 -

1 - 3 -40

X2 - 3x - 4 = 0

(x - r)(x + 1)
Eigen Value = X : 1

,
-1

,
4

Use CA-XITTEO Use

(0)v
↓



- 18 -7 = 0

=
let let = 1 then Us : -1

25 - 2 = 0

- = - 2

= z

x( + = et(2)
Case = -1

(20)
15 - 183 = 0

Y = n
,

let V = 1 is = /

2 + V = 0

2 = -2

x(z)y =

y
- +(f)



Case 7 : 4

(-
-45 - V3 = 0

-48= 3

let
=

= 1 then is--f
Hence 2(1) - P2 = 0

2 = 482

vi = E
x( + = 2(2)

xets = G(2)et + (( )c
+

+4))e
+(E) = >

Li)
↓



(
-IR-
RnR( )

-

: - s
=-
Tz = -L

7-5

"NtR,

(1)I
22 + 2) - 2) = 12-6

25z = 4+ 3



25 = b

Y = 3

(21 + 3 - z = 7

by = 7 - 1

G = 6

x Its = 6(- Je + +s(-)e-t -2))e

·m
↓



i

↳ X

Y= - 1

suddle unstable



(b) (A-rE)g) = A34- 124)
us A3") = Gg()

then U3M- re > Cr-tz) 34) Prove
b

(C) > for first one Assume that c 0 for linearly dependent then itis

clear that (A-rcI)(2 + 1
,2) = 0 -> linear dependent, there

exist a constant such that Stud
CA-UI) (G 3* + ((M) = 0

and either ( or 20

A(34 + A(34 - V(31 -4(3 : 0

(3+-r13"3" 0

↳ Cr -(2) (m) = 0
↓
G = 0



(a) = > If X =

y
and Xey' then y" = X) also =*

ax + bX + (Xy = 0

ax's = -

(Vy
- 6xz

as Xp = X 2

X=  -

= OXt X

- - EX

V = (X
Hence System of equation is

- Xe =X

X =-tx

2 As the matrix is v=Je)
Hence exation is detCA-rIl =

Of
X =

)=



:

give: Er +V +& : 0

= r+6+
or arc+ br + 1 = 0

v

Prove

-

-

x2 + Ex + G = 0

= 80x2+ 24X + 1 = 0

Toa
·:

n



case-E + t :to +
1.

#I' =(i)
-+ : 0

=E
If i

,

= 3

then y= = 2

then x**=et(2) - P + 10 to
Case X=-   = -If

-I

100 trov - To

1 + & = 0

If = 1 and let = -2

x(t) = <(3)e to + (()et

~



~ col = (E) = <(2) + <(2)=
32 + 2 =

- 17

24 - 2(2
= - 21

6G + 2(z = =34

2(
- 2(a = - 21

82 = - 55 x
&

↳ =-

E
= -

21t

-

+55
~ 2)= G=

Hence xct) =E5(c+Jet

j
> T



0
.

case) at d = 0
. 5 x =

(ox
1 - 0 . 5-

A

1 - ( 0 .
5x - 1)

1 - COr5

Eigen Value = > det(A-XI) : 0

= x* + 2x + 1 = 0

2x2+ 47 + 1 = 0

#(1)
=

- 11 E

Z

Eigen Valve = > -1 +E -1- E

both negative -> nadal sink (Stable)
1 . ) v =)_ )x 1 - (-2x -1) = 1 - 2 =

- 1

2

= X + 2x - 1 = 0

= -L
X =

- 11 E

430 ,
6,

Saddle point



(2) Intere of alpha > x =(- ) X
1 - ( -d +

-1)
- 1 - d

= x + 2x + (7-d) = 0

between 0
.5 to 1

It is still X
, /2 < 0 -> Nodal Sink (Stable)

- 1 + 1 = 0 -> Positive

-1-1 =
- 2 - negatialpha approach to1 it changes from Nodal sink to saddle as increase

· x + ( )x++)
for tigen value to be real then 62-rac > 0

(8 + )2- 4(1)(En+ E) > 0

+
·

R
16 .) fromCharacteristic en =>X2TrA) & + PeA) = 0

I
We know X + X = TrCA) and 4 : %z= PetLA)

↓
TrcAl = (*-)) negative j Pet(A) :(E) Positive

VHence
- x(-x2) = negative - 4

- -z = Positive

As X ,
<X,0 -> It is nodal sink ; Hence Stable at 10

,
0).



(C) Yes ; As long as long as all the parameter are positive ; It will converse

to zero

7.6 Complex Eigen Value.

- 2 - (- ) =
- 2+q =

-> x2 - X + E = 0

↓
= 2x2- 27 + 5 = 0

(5)
↑

i
EigenVector = ve (2 + zi) Eisen Value

#-XILY(i) :
= (ii) = 0

(2- (i) -E = 0

let =5 then=



Vz = 3 - 3i

F= 5

↑ ( + ) =e +

(cos(Et) + isin(z +))(3=>i)
2

=> et(5cos(t)+ Jisin(t)
310s(H)-bicort) + Sisin(=) +kin))

VH)
= GeE(Ossinet)thesinItsin(t))

as the real part are positive then it will Spiral outward.

S

i
32

Choose point (D) =

)(() =( Counter Korkwir



= Pet(A-XI) = 0

(i)
= (3 = x) (-x- + - x)) + 2 (- 1 + 2( 1 - 1) = 0

C- 3 = x)(X + (2) + 2( - 1 - 2 - 2x) = 0

#** - 23-2x
- 6 -X

- 43 - 4x27X - 6 = v

v

23 + 4x2 + 70 + 6 = 0

v

1 roof = - 2

-21476
-2 - 4 - 6

↑ 2 3 0

X + 2X + 7 = 0

!



e
-Ei

roof = -2-Ey
EigenVector case - 2

(A - XI)V = - 1

~(
- 2

(
- 181 + 25 =

0

z8j = 1

let = 1 then y = 2

2 = V = 0

= - 2

x*+ =

e
- z+

)- )



cle-Hi) =(
+ TiV = 0 = Fir

Yet Y = 1
let

=
=1 =

- Ei
= Ei

Hence (-2 +ei)(= ri) + 25 = 0

25i - 2j + 25 = 0 (2-Filzitz

2Ei + 2 +2, = 0
- 2Ei + 2 =24

Case - = -1 + Ri Y3 = - zi - 1

= Ei-1

x
* t = e-(cos(rt + isin(t))

=

miccincte

(
Micosset) - cost) - resinct) - is incit)

=

et)-rsinctT I ↑ in'tTO Tsincer)
- cos(et) - Esin(et)

(



Find Sol due to initialProblem.

w
defCA -XI) = 0 = X* + 2 x + 2 = 0

n
-

=

- 11j

use X = -1 ti (A-XF = 0

(acti-ep)v =
=

(2 =) = 0

1) + (2 - i) = 0

+i - z + 2 + i

let = (i-1) and =i

↓ (2-i)(2i - 1)
- 5i



Hence x"f = e
+
(losCh +

isinct)(2
=

1)
- e

+

) zicost)
- COSCH - Isinct) - isinct))

i cost) - sin(t)

= e-f(-cos-Isinct))+ iet)CCOC-sinta
x(t) = Let )loinct)) + Getting a

Initial convoli) <(b) + 2 (2) :
-

G + 2) = 1

2 = 1

- ( + 2 = 1

- ( = 1 - 2

-(= - 1

- = 1



3 - ( - 2) = 5

= X +x + 5 = 0

↓

# ).to :-
= -2II

(xx = - 2 + j

-

(3-2)+i) v = r

=

( =ii ) = 0

·

1 + (1-1) = 0

F = (1 - i) V2

Let i = 1 then Eg = 1-1

x (f) = e
- 2+
(cost) + isin(t)) (ii)

v

- est (costs
- icost) + is inct) + sinct)cocty + isinct)



~

e-st(loccincts) tie2)-cocsits
General Sol => XC => <positeoila
"I'

(a) as X = U and X =/

then Also X = Xz and U" = X

Hence MX + kXy = 0

MX = - kX

Xz =

-
2 system OPE .

- > as X = Xs

X
z=1

give X = 0Xy + X 2

* =
-Ex + OX2



=

(b)x
Justify x=

( % ) X

Eigen Value=+
n

= 0

y= -
=
=I

Poly Emaginary : Curbre
-

Chapter 1.

X = 1 + 2y ; y = 1 - 3x2

Cort point = x'Ct = 0
,
y'st) = 0

1 + 2y
= 0,

1 -3420X = 11
Y

zy
= -1

y =E - Point = (EE) (E)I
CritPoint 1 Crit Point



Lif
one linearitiea

liv)
↑ (2) - 12)

x2 + 1 = 0

v=

-
x =

1 i

↓
no real Part Hence it is Center

stable - Periodic Cycle

+( - ) +(
= x2-1
x= 1



X =1
as 730 and 10

1
2

Hence it is Saddle Point and Vistable.



Xct) = X(2 - X -Y)
yc) = -X + 3y -

2XY
at v = 0 + y

: 0

as z - X -y = 0

y = 2 - X

sub to eg2 : -X + 3(2-1) - 2x(2-X) =0

- X + 6 - 3X - ex + 2X2 = 0

2 x
2

- 8X + 6 =0

X 4x + 3 = 0

CX- 3)(X- 1) = 0

X = 3
, X = 1

at v = 3 -y = - 1
,
at V = 1- y : /

Crit Point. = (0 , 0) (3 , -1) (1 , 1)

linearisation. -> 1= 1-13) :

xigel :

/fx + X = 12

as X
,

50 and )0 it is Unstable



Xct) = (2 + 1)(y -x) ->(y - 2x + Xy
-x3

fict) = y (2
+ X - X 4)

+> 2y + xy
- xy

2 +V= 0
+ X = -z - y = 0

Y =
0 C = 2

,
07 -> 1st

y -V = 0

Y = X

Y = 0 - V = 0 -> 100) -> 2nd

Y -X = 0 + y = X

2+ X - X = 0

X2 - X - 2 =0

(X-2)(X+ 1)
↓

x = 2, - 1 -

(2) (Check Nature of equilibrium.
~ &

linearisation =>
-zey-2x2 + X

I y -any 2+ - xz)
1 + 10,00 =

It < =+2 - 2 -0

x=4

b



X = 12

↓

X04/2
2

Saddle point
of (ys) =

/ it is I X2 + 47 + 24= 0

-I(2)
-

2a2

-j
negative

Complex
Spiral Sink

as the real part is negative ; then it it is
asyptically stable




