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2. (a) Find the point of intersection of the curves

i
r(t) = (1—t,t+2,-3t) and s(u)= (u,2u,v’—u).

(b) Find the acute angle between the tangent lines to these two curves at the point of
intersection. (You may give your answer using inverse trigonometric functions if

necessary.)
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3. Let r(t) be a vector function that parameterizes a curve C. Give the definition of the unit
tangent vector T(t) and prove that T(t) is always orthogonal to its derivative T'(¢).
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M(X Yeqn 2 @m%‘ce,

o

/J ) 2. (a) Find an equation of the surface consisting of all points in R3 that are equidistant *# %?(
- from the point (0,0,1) and the plane z = 2.
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4. Consider the function f(z,y) = xcos(y) + y?e” + .
(a) Find the differential of this function.
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5. Suppose we need to know an equation of the tangent plane to a surface S at the
point P = (1,3,2). We don’t have an equation for S, but we know that the curves

r1(t) = (1+5¢t,3 —t%,2+t— %),
ra(s) = (35 — 25,5 + G e o 2 o)
both lie in S. Find an equation of the tangent plane to S at the point P.

Rw\v J[ Y\r\q\\' ch’rfFl\/ eaht ?o(vﬂ’ By \('WJ() and V\L(A')
Pw \qb)\'J — 145t =1 ) 3-1=3% )Us(_P;z
+=90 =0 =0
R e SRR | gi5%4572 2 ) 5= reasts 2
L~ 1 2= $=4
%0 S5t Fy ot 20 y S =1

fd vechw Roe v, tnd V',

Ol RS s 9-31"> vb’u.v: L3-15 0 +35 %% ‘rs? 1=2G+65" >
P 0)- 4§)0)3> ﬁl wL(7>z<—1)@JY>
Mpse (V) b (1)

w‘]p@fs@ surtace —

J\

tobrud Nopmal vedey ot flave AR V)LM

:éb‘/vjbxg—ﬂ/g)ys

P K I
T 0l 5o 7
R S et A

Vo™ = C’%)”LL/‘}'O?
ot gant P 01, 3,2)

!



“EOX-1) =Ly ) ten(272) =0
M

T The two qlanes , 2x-Y#2=0  amd XFY+2 = b
Wwherseck ina liye, Oive an o). of the lige.

x-Y+ =00
Xy ¥yt %:é,;@

lot =0
(@ z
2~ Ixt22=4
2x=b
X =2
gwoa!  Vedor of The 2 plang,. b YT 226
b DT yr0=b
2 42)—1,43 x Q4, 4)17 y=t-2 — \/cél
S T o xHH!
211 {27 = eiek- [FIketi+2))
v el ~2i-1)+3K ok of (4%, 0)
= X=2-2t
yet=+t
=27



Fud Phe ok\“»“\\ﬁb& ?rom the Qo(w\‘ UJ'?,O) fo ’Fhapb‘-w@ P F 15
for pemdiclay o e (uyve TUEY =Lt t StNb, 427 of 420

Drtuce = (oxrbyerzall

m‘ﬂ@ol

Fiwh B For fhe flane - Vedovo F'00= < ocost /’F)l‘vﬁ“) Losty 17
af + <0
527 00) = L5ty 05IM0) ) Loy 1>
<00
/
Tivs e Plant have o fesHon vector ab <1, 1, 1>
fror = 08,0,
Dlone ) ot qa\‘vﬁ Tih = X¥y+2 = 2.

J foint L9 -5,0)

bk (XM on] g
152l
T 3 5



Midterm 1 for MATH 53
October 7. 2014

Show your work and justify your answers.

problem | points | score |
1. 12
2. | 12|
T R 1
4. | 12
5. 12

e
7. 1277
& 12

| “XE T oE ]
total 9% |

1. Find the area of the region enclosed by one loop of the curve 7% = sin(26).
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2. Decide if the triangle with vertices
P(0,-3,—-4),Q(1,-5,-1), R(5,—6,—3)
1s right-angled

(a) using angles between vectors

(b) using distances and the Pythagorean theorem.
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3. Find an equation for the plane that passes through the point (—2,4, —3) and is per-
pendicular to the planes —z + 3y — 52 = 42 and v — 2z = —5.
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4. Let r(t) = (sint,2cost). —X/27~%+ =90 =X 'Z\f—i‘f/;
X

(a) Sketch the plane curve with the given vector equation.

¢) Sketch the position vector r(¢) and the tangent vector r'(t) for the value t = 7 /4
g

. (use the same graph as for (a) .

5. Find the limit, if it exists, or show that the limit does not exist.
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(b)
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6. Use the Chain Rule to find dw/dt. Express your answer solely in terms of the variable
t.
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7. Find the equations of (a) the tangent plane and (b) the normal line to the given surface
at the specified point.
22 + y? + 22 = 3zy2, (1,1,1).
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8. Find the extreme values of f on the region described by the inequality.

flz,y) =22° + 3y — 4r —5,. T° + y? < 16.




9. (Extra Credit 4 pts.)

If r(t) is a 3-dimensional vector-valued function having all derivatives existing, and

u(t) =r(t) - [r'(t) x r"(t)],

show that



Math 53 — Practice Midterm 1 A — 80 minutes

Problem 1. (10 points)
Find the area enclosed by a loop of the curve given by the polar equation r = v/sin 26.

Problem 2. (15 points)

a) Find the area of the space triangle with vertices Py : (2,1,0), Py : (1,0,1), Py : (2,—1,1).

b) Find the equation of the plane containing the three points Py, P;, Ps.

c¢) Find the intersection of this plane with the line parallel to the vector V= (1,1,1) and passing
through the point S : (—1,0,0).

Problem 3. (15 points)

a) Let 7 = z(t)i+ y(t)j + z(t)k be the position vector of a path. Give a simple intrinsic formula

for ﬁ(F - 7) in vector notation (not using coordinates).

b) Show that if 7 has constant length, then 7 and ¢ are perpendicular.

c) let @ be the acceleration: still assuming that 7 has constant length, and using vector differ-
entiation, express the quantity - @ in terms of the velocity vector only.

Problem 4. (10 points)

On the topographical map below, the level curves for the height function h(x,y) are marked (in
feet); adjacent level curves represent a difference of 100 feet in height. A scale is given.

a) Estimate to the nearest .1 the value at the point P of the directional derivative Dyh, where
4 is the unit vector in the direction of 1+ j.

b) Mark on the map a point @ at which h = 2200, % = 0 and % < 0. Estimate to the
€z Yy

nearest .1 the value of — at Q.

dy

1900

1000




Problem 5. (10 points)
Let f(x,y) = vy — z*.
a) Find the gradient of f at P : (1,1).

b) Give an approximate formula telling how small changes Az and Ay produce a small change
Aw in the value of w = f(z,y) at the point (z,y) = (1,1).

Problem 6. (5 points)
Find the equation of the tangent plane to the surface 23y + 22 = 3 at the point (—1,1,2).

Problem 7. (5 points)

ow ow
Let w = f(u,v), where u = xy and v = x/y. Express — and — in terms of z, y, f, and f,.

ox oy

Problem 8. (20 points)

A rectangular box is placed in the first octant as shown, with one corner at the origin and the
three adjacent faces in the coordinate planes. The opposite point P : (z,y, z) is constrained to lie
on the paraboloid z2 + y? + z = 1. Which P gives the box of greatest volume? z

a) Show that the problem leads one to maximize f(z,y) = vy — 23y — 2y, and

P
write down the equations for the critical points of f. 5 Cvihal Por 2 Px antl P\/

b) Find a critical point of f which lies in the first quadrant (z > 0, y > 0), and
determine its nature by using the second derivative test.

¢) Find the maximum of f in the first quadrant (justify your answer).

Problem 9. (10 points)

In Problem 8 above, instead of substituting for z, on use Lagrange multipliers to

maximize the volume V = zyz with the same constraj M‘iﬁ’l)

a) Write down the Lagrange multiplier equations for this problem.

b) Solve the equations (still assuming z > 0, y > 0).



Problem 2. (15 points)

a) Find the area of the space triangle with vertices Py : (2,1,0), Py : (1,0,1), Py : (2,—1,1).

b) Find the equation of the plane containing the three points Py, Py, Ps.

¢) Find the intersection of this plane with the line parallel to the vector V= (1,1,1) and passing
through the point S : (—1,0,0).
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Problem 3. (15 points)
a) Let 7 = (t)i+y(t)j + 2(t)k be the position vector of a path. Give a simple intrinsic formula

d,, . . . .
for d—(r - ) in vector notation (not using coordinates).

b) Show that if ¥ has constant length, then 7 and ¥ are perpendicular.

c) let @ be the acceleration: still assuming that 7 has constant length, and using vector differ-
entiation, express the quantity 7- @ in terms of the velocity vector only.

Problem 4. (10 points)

o | 2

%\
—
=L
=t
«
(!

c/fL
=L
a
=L
<L

Vo,

b> QWM dhef \\Jfl’/ Coawd, conlivovs — This meat] Yoo d

V)C/Jr)"FC/JY) =

Thes er O Wocdowot \

0w rv:0 — F.as—=|V) "

Problem 4. (10 points)
On the topographical map below, the level curves for the height function h(z,y) are marked (in
feet); adjacent level curves represent a difference of 100 feet in height. A scale is given.

a) Estimate to the nearest .1 the value at the point P of the directional derivative Dgh, where

@ is the unit vector in the direction of 1+ j.

Ol Ol
b) Mark on the map a point @ at which h = 2200, % = 0 and % < 0. Estimate to the
T dy

Oh
nearest .1 the value of ﬁ at Q.
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Problem 5. (10 points)
Let f(z,y) = zy — 2.
a) Find the gradient of f at P : (1,1).

b) Give an approximate formula telling how small changes Az and Ay produce a small change

Aw in the value of w = f(z,y) at the point (z,y) = (1,1).
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Problem 6. (5 points)

Find the equation of the tangent plane to the surface 2%y + 22 = 3 at the point (—1,1,2).
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Problem 7. (5 points)
Ow Ow .
Let w = f(u,v), where u = zy and v = x/y. Express s and @ in terms of z, y, f, and f,.
f
2 X
—ﬁ
\\) 7[
Jw oW 9fwy . Jw | Qfw
—_— - —_— / ' —

Y N A



NAME: STUDENT ID:

MATH 53 1st MIDTERM

Please answer each question on a separate page — you can write on the back of
the page. Remember to write your name and section number on EVERY page.
Each problem is worth 10 points. Good Luck!

Problem 1. Let a and b be two vectors in R3.
a) Show that (a x b) - (a+b) = 0. (You can use facts from the book/lectures as long as
you state them clearly.)
We now from the properties of the cross product and vector addition that
(axb)-(a+b)=(axb)-a+(axb)-b.
And we proved in class that
(axb)-a=(axb)-b=0.

The conclusion follows.

b) if a = (a1, as, as) and i, j, k are the standard basis vectors, find
i-(axk)+j-(axi)+k-(ax]j)
in terms of ay, as, as.
We recall the defintion (for b = (b, b, b3))
(1) a x b = (aybs — azbs, azby — a1bz, a1bs — asby),
so that, since i = (1,0,0), j = (0,1,0), k = (0,0, 1),
ax k= (ay,—a,0), axj={(—a30,a1), axi=/(0,a3 —ay).
Hence,
i-(axk)=ay, j-(axi)=az, k-(axj)=a,

and
i-(axk)+j-(axi)+k-(ax])=a;+ay+as.

c¢) Find the area of the parallelogram spanned by (1,2,3) and (—1,2,3) (use the back page
if needed).

The area of the parallelogram is given by the length of the cross product of the vectors
defining the parallelogram. Hence, using

Area = |(1,2,3) x (—1,2,3)| =[(2-3—-3-2,3-(—1)—1-3,1-2—2-(—1))|
= (0,—6,4)| = V0 + 36+ 16 = V52 = V4 - 13

v AR |
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Problem 2. a) Show that of the two curves parametrized by position vectors
(2) ri(t) = (cos(2mt),sin(27t), t), ro(t) = (t — 1,¢,t/4).

intersect at the point (0,1,1/4) and find cosf where 6 is the angle between the tangent
vectors to the two curves at that point.

From the expressions for r; and ry we see that for the last component to be i we have
to take t = }1 for r{ and ¢t = 1 for ry. We then check that

r1(%) = (cos(m/2),sin(7/2), i) = (0,1, ;11), ry(1) = (0,1, 711>
We compute tangent vectors by differentiating the position vectors:

r)(t) = (=27 sin(2nt), 27 cos(2mt), 1), 1h(t) = (1,1, 1)

The tangent vectors at the point of intersection are given by
ri(3) = (=2m,0,1), ry(1) =(1,1,3).

4
Hence

() - rh(1) —2m + % . —8m+1
DI @r2+1)22+ L)z V332 4+ 1)

b) Is there a value of ¢ for which r(¢) and rj(t) are parallel? (Please use the back page if
you need more space.)
For v (t) and rj(t) to be parallel we need, for some scalar c,
(=27 sin(27t), 27 cos(2mt), 1) = (1,1, 1).
That means that ¢ = 4 and
—2msin(27t) = 27 cos(2nt) = 4.

But —sin(27t) = cos(2nt) only if 27t = 37/4 + kr. But then the value of 27 cos(27t) =
+27/V/2 # 4.



Problem 2. a) Show that of the two curves parametrized by position vectors
2) ri(t) = (cos(2mt), sin(2nt),t), ro(t) = (t —1,t,t/4).
intersect at the point (0,1,1/4) and find cos# where 6 is the angle between the tangent

vectors to the two curves at that point.
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Problem 3. a) Sketch the polar curve given by the equation r = cos(36), 0 < 6 < .

90°
1
120° 60°

0.8

150° 0.6

180°

210°

240° 300°

270°

b) Compute the area enclosed by this curve. (Please use the other side of the page if
needed.)

The area of the region defined by a polar curve r = f(0), a < 6 < 3, is given by
L[ £(6)2d6. For f(8) = cos30, a =0, § = m, gives

™ 3T
Area = %/ cos?(30)d0 = %/ cos® tdt.
0 0

Note that . ,
/ cos? tdt = / sin? tdt
0 0
and hence
37 3 3
/ cos? tdt = % / (coszt + sin? t)dt = % / 1dt = %W.
0 0 0
Hence
_ 13 _ 1
Area = giﬂ' = ZT('.
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Problem 4. Match the following three dimensional curves to their equations. The param-
eter satisfies 0 < ¢ < 7 for all curves.

a) r(t) = (t3,t,13)

b) r(t) = (¢,13,¢3)

c) r(t) = (sin(t/2),t3,t3)

d) r(t) = (t3cos(t/2),t,t3)

Please do not guess: negative points will be given for wrong matches. We have
three versions of the exam with different arrangements of answers!

Please use scratch paper and record your answers in the table below:

Figure 1 | Figure 2 | Figure 3 | Figure 4

b C a d
Figure 1 Figure 2
30 30
20 20
N N
10 10
0 0
30 30 —
/3 1
20 - _— 20
10 1 10 0.5
y 0 o X y 0 o X
Figure 3 Figure 4
30 30
20 20
N N
10 10

wO
o
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Problem 5. a) Find the tangent plane to the graph of the function
fz,y) = 2° +22%y + 2
at the point (o, yo, f (7o, yo)) where (xg,y0) = (1, —1).
The tangent plane to the graph of f at (zo, o, 20), 20 = f (%0, Yy0), is given by

z— 20 = fu(T0,Y0)(* — 20) + fy(T0, 40) (¥ — ¥o)-
In our case 7g = 1, yp = —1 and zp = 13 +2- 1% (—1) + 2 = 1. The partial derivatives are
given by
fe(x,y) = 30° + 4wy, fy(z,y) = 227,
SO
fac(17_1) = -1 fy<1’_1):2
The tangent plane is then

z—1l=—(x—1)4+2(y+1) or x—2y+2—4=0.

b) What is the distance of the point (1,2,3) to the plane you found in part a).

The distance of a point (x1,yi, 21) to the plane defined by az + by + cz + d = 0 is given
by
|CL.Z‘1 + by1 + CZ1 + d|
Va2 +e2+2
In our case we found above that a = 1, b = —2, ¢ = 1 and d = —4. Hence the distance of
(1,2,3) to the tangent plane is given by

1—4+3-4] 4

V1+4+1 V6
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5. Find an equation for the surface consisting of all points P in the three-dimensional
space such that the distance from P to the point (0,—1,0) is equal to the distance

from P to the plane y = 1.
JIdentify this surface by name and sketch it.
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6. Find the differential of the function f(z, v, z)

V22 + dy? 22 and use it
imate the number f(1.98,1.01,1.02).
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8. Let f(z,y) be a function with continuous second partial derivatives. Suppose that |
T = au + bv and y

= —bu + av, where a and b are two real numbers such that
a®? 4+ b? = 1. Show that
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