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Reverse the order of integration and then evaluat
integration region.

e the integral. Be sure to include a 2D graph of the,
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Be sure to include a 2D graph of the integration region.
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ers X2+ y2 =1 and x2 + y2 = 4, You must also include a 2D graph of the

egration region.
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gure shows the region of integration for the integral % |

T st ey

Rewrite this integral as an equivalent iterated integral in the
five other orders.
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Set up ONLY the iterated integral for evaluating I I £(r, 0, z) dz r dr dO© over the ven

E. You must include a 2D graph of the base of the region (3D graph optional).
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Use.! a sphe

o el
ate integral to find the volume of the given solid. You must include 2 ' ‘\’ Yl
labeled graph of the solid. < Cone = P
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Use the given transformation to evaluate the integral. No graphs required. =
BT X=2u, v = 5v, z = 4w; :
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* 8) Let D be the region that is bounded below by the cone ¢ = % and above by the sphere

Q = 6. Set up the triple integral for the volume of D in spherical coordinates. You must
include a labeled sketch of the solid.
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Set up ai‘triple integral to find the volume of the indicated region. You must include a label
of the integration region (2D and 3D). Do not evaluate the integral. :
9) the region bounded below by the xy-plane, laterally by the cylinder r = 2 cos 6, and

above by the plane z =7
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10) Evaluate
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by transforming to cylindrical or s
of the integration region.

pherical coordinates. You must include a labeled graph
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a) (4 points) Identifying equations of all the boundaries and the
eir points of intersection, sketch the region of mtegratwn in the
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2A. Let D be the region that is bound : by the cone ¢ = g and above

by the sphere p = 3. Set up but do not solve a triple integral to find the
volume of D:

(a) (5 points) In spherical coordinates.
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3A. Let C be the closed curve that starts at‘(O 23 goes along | the left half of a

b frewen

circle of radius 2 centered at the orlgm to {0 2) and returns to (0 2) along (L 'l)"éf (}M JV{M}IV‘C/

the y-axis. Find
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A %
4A. Let M(x,y) = x + 2xy cos(x*y?) and N(x,y) = y* + x? cos(x*y?).

(a) (3 points) Find J M dx + N dy if C; is the straight line from (4,0) to (0,0).
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(b) (3 points) Find J Mdx + N dy if C; is the straight line from (0,0) to (0,2).
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(c) (4 points) Find J M dx + N dy if C; is the part of the parabola x =4 — 2
c

3

going from (4,0) to (0,2). You may use without verifying the fact that
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6A. Use a triple integral in cylindrical coordinates to compute the first
moment about the xy -plane (M) for the solid in the region bounded above m 'T
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zd(SA), where S is the portion of the

7A. Evaluate the surface integral

SMS_ZM origin that lies in the first octant.
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2. Evaluate the integral by reversing the order of integration.
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3. Let R be the reglon R = {(z )|l < +y2 <4,0< y < z}. Evaluate the integral by
converting to polar coordinates: |

/ a.rctan(y/x) dA
R
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Find the volume and centroid of the solid E that lies above the cone z = /22 + y2 and
below the sphere #? +y2+ 22 = 1, using cylindrical or spherical coordinates, whichever

seems more appropriate. [Recall that the centroid is the center of mass of the solid
assuming constant density.]
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5. Let R be the parallelogram with vertices (—1,3), (1,-3), (3, —1), and (1,5). Use the
transformation z = (u +v),y = 3(v — 3u) to evaluate the integral
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¢ +2%), and where

Jse Green’s Theorem to evaluate [, F - dr, where F = eyt
C consists of the arc of the curve y = cos from (-7/2,0) 0}/ (m/2,0) and the line

segment from (7/2,0) to (=7/2,0).
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7. Find the curl and divergence of the vector fie

Id F. If it is conservative, find a function
[ such that F = V.

F(z,y,z2)
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8. Find the surface area of the surface defined parametrically by the vector equation
r(u,v) = ucosvi+ usinvj +vk,0<u<1,0<v < w
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Theorem 6.11 (Surface Area). Let a surface S is given by an equation r(u,v) = V‘ < < CO S CV)
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Problem 1. a) Draw a picture of the region of integration of / / dydz.
0 Jax

b) Exchange the order of integration to express the integral in part (a) in terms of integration
in the order dzdy. Warning: your ansv&;v&éave two pieces.
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Problem 2. a) Find the mass M of the upper half of the annulus 1 < z? +7? <9 (y = 0) with
density 6 = gresg I
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b) Express the z-coordinate of the center of mass, 7, as an 1t§ra : S
the 3nteglzand and limits of integration.) Without evaluating the integral, explain why # = 0. \V pfer }Nl [ .

n) M 53 Sty M 1o Jexterey
R

We cun gse ?o\uv towt)»t'lfwljr“
ar

Vo 4 < véen
S\h
5 /)7}9’y/rlv 2 1c Va3
© 5 c oL
-3 )20 %
= g g MUY (}u\r Ck&
o 1 /W})‘s

v both comshapt ot Pooyy 1y contemuy gos e o



bece we cm apply Bobiar heoreM

v
) . _/”‘(;;_14> Mx’ngfCV;\’)dLA

7
§
J TSSO B Y (059

g
el 46 O wg (b s odd Py vekiod

awd S LT) =) o wel) vs Sk 10D

Hwe X< 0 _ 0O
M b,



A
Problem 3. a) Show that F = (32 — 6y?)i + (—12zy + 4y)j is conservative.
b) Find a potential function for F.

c) Let C be the curve z = 1 4+ y3(1 — )3, 0 < y < 1. Calculate / F . dr.
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Problem 4. a) Express the work done by the force field F = (52 +3y)i+ (1+cosy)j on a particle
‘ b

moving counterclockwise once around the unit circle centered at the origin in the form / f(t)de.
a
(Do not evaluate the integral; don’t even simplify f(t).) 3

b) Evaluate the line integral using Green’s theorem.
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Problem 5. Consider the rectangle R with vertices (0,0), (1,0), (1,4) and (0,4). The boundary
of R is the curve C, consisting of C, the segment from (0,0) to (1,0), Cs, the segment from (1,0)
to (1,4), C3 the segment from (1,4) to (0,4) and Cy the segment from (0,4) to (0,0). Consider the
vector field

F = (zy + sinz cos y)i — (cos wsin y)j

a) Find the flux of F out of R through C. Show your reasoning.

b) Is the total flux out of R through C;, C5 and Cs, more than, less than or equal to the flux
out of R through C? Show your reasoning.
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Problem 6. Find the volume of the region enclosep/w(eplane 2z = 4 and the surface

z=(2z -y’ +(x+y—1)>2
(Suggestion: change of variables.)
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Problem 1. (10 points)

Let C be the portion of the cylinder 2% 442 < 1 lying in the first octant (£20,y>0,2>0)and
below the plane z = 1. Set up a triple integral in cylindrical coordinates which gives the moment
of inertial of C about the z-axis; assue the density to be § = 1.

(Give integrand and limits of integration, but do not emlzluate.)

re X

Problem 2. (20 points: 5, 15)
a) A solid sphere S of radius a is placed above the zy-plane so it is tangent at the origin and its
diameter lies along the z-axis. Give its equation in spherical coordinates.

b) Give the equation bf the horizontal plane z = a in spherical coordinates.

c) Set up a triple integral in spherical coordinates which gives the volume of the portion of
the sphere S lying above the plane z = a. (Give integrand and limits of integration, but do not

evaluate.) \ ‘Q\QMQ \]‘38/ 58/(JQ
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Problem 3. (20 points: 5, 15)
Let F = (2zy + 2%) i+ (22 + 2yz)j+ (y® + 3222 — 1) k.
a) Show F is conservative.

b) Using a systematic method, find a potential function f(2,y,z) such that F = V f. Show your
work even if you can do it mentally.
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Problem 4.(25 points: 15, 10)

Let S be the surface formed by the part of the paraboloid z = 1 — z? — y2 lying above the
zy-plane, and let F=zityj+2(1 —2)k.

Calculate the flux of F across S, taking the upward direction as the one for which the flux is
positive. Do this in two ways: 5

a) by direct calculation of [ [ F-1dS;

b) by computing the flux across a simpler surface and using the divergence theorem.
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8. Find the local max, min, and saddle points for f(z,) = —:z: + 3y — zy +4 (if any
exist).
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9. Find the local max, min, and saddle points for f(z,y) = 213 + zy? + 52% + 2.
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10. Use Lagrange Multipliers to find the maximum and minimum of f (z,y) = =y subject :
to the constraint z2 + 3% = 1
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12. Setup the triple integral in the order of dz dz dy and again as dz dy dz to find the
volume of the solid tetrahedron which is bounded by 3z+y+2z = 1 and the coordinate
planes (i.e., the first octant). SRE S B o
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13. Set up, do not evaluate the triple integral in rectangular, cylindrical, and spherical
coordinates to find the volume of the solid in the first octant bounded above by
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14. Find the Jacobian for the transformation = = u?v + v and y = ww? — u?
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15. Evaluate ff (3 — y)*?(x + y)° dA where D is the region bounded by y = —z,
D
y=-—z+1,y =3z, and y = 3z — 1. Use the change of variables u = 3z — y and
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N ;
16. Evaluate the line integral / (2 + 2y) dS, where C is the line segment from (0, 1,0)
(0]
to (1,0,2).
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17. Let F(z,y) = (zy? + 2y)i + (z%y + 2z + 2)j be a vector field.

(a) Show F is conservative.

(b) Find f such that V. = F.

(c) Evaluate / F dr where Chis defined by r(t) = (et,1+1),0<t < 1.
C

(d) Evaluate / F dr where C is a closed curve r(t) = (2 sin(t), cos(t)), 0 < t < 2m.
C
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18. Use Green’s Theorem to evaluate / —® dz + 2° dy where C is a circle given by

r(t) = (2cost,2sint), 0 <t < 27.
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19. Use Green’s Theorem to evaluate [ (e®+y?) do+(e¥+2%) dy where C is the positively

oriented boundary of the region in the first quadrant bounded by y = z* and y = 4
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Change the Cartesian integral to an equivalent-polarintegral, and then evaluate, You must include
alabeled graph of !%:. integration region (2D).
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Find the work done by F over the curve in the direction of increasing t. (Hint: you do not actually J\Mﬂ FDV d do ©
need to compute xznc line ini ?ral) QYRR AV‘ i ,}%V il l
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 Using Green's Theorem, calculate the area of the indicated region. You must include a clearly
labeled graph of the region.
5) The area bouiwicd above by y = 2x2 aad below by y = 4x3
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Using Green's Theorem,
You must include 2 clear

6) F = (x2 + 2)i + (

compute the counterclockwise circulation of F around the closed curve (e
ly labeled graph of the region enclosed by C.
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N](ﬁ\f\ 212 Fiea) Equ,

Oy hmization.

[3] (8 points) Find the absolute minimum and maximum for the function f(z,y) = 2 +2y2+1 on
the unit disk D = {(z,y)| 2% +y* < 1}.
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[5] (8 points) Let C be the ellipse
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Evaluate the line integral / F . ds where F(z,y) = (x/a?,y/b%).
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[6] (8 points) Evaluate the line integral et dz - ay dy +y? dzyiwhere c(f) = (1,2,¢%), 0 < ¢ < 1.

) < (//\) ”}') ¥
VAR TN
AX=O gy =14 A= 2F M
/l

) IJ.C’w>-—UM})@1)i-+Zcz+) ol

0
1

: §~+*M5M

1
- ”ﬁfﬁ > =14
2

2 Z

4 =
2 = re

b

i insi li 2492 =1 and
[7] (8 points) Find the area of the portion of the unit sphere inside the cylinder &= +y 3
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(a) [7pts.] Let C be the half of the unit circle z* + 2% =1, y = 0, with 2 < 0.
Orient C in the clockwise direction when viewed from the negative y-axis.
Let F(z,y,2) = (v, 2%, 1 — 2?). Calculate [, F - dr.
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)) [Tpts.] Let C be the curve in the :ry—plane descmbedby e=0y=af 9 <pr<9
Let f(x,y,2) = 12(z + /5 + 23). Calcullja,‘tejff&if dal
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Problem 2.

Let S be the part of the cone 2% + y? = 422 between the planes z = 2 and 2 = 5, and in
the second xy-quadrant z < 0, y > 0.

(2) [3pts.] Which two of the following vectors are tangent vectors to S at (—3, 4, 2)?
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Problem 3. 8pts.

Let € be the region enclosed by the surfaces 22 + 92+ 2% =8 and 22 +

y? = 2z in the
octant z,y,z > 0.

Let f(z,y,2) = 32z. Calculate Jff: f av.
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Problem 4.
In each of the parts (a)-(d), you should justify your answer fully.
(a) [4pts) Is F(z,y, 2) = ngyzl conservative on R3 — (z-axis)?
Is F(z,y,2) = & 20) conservative on R? :
(2,y, ) have a vector potential on R% — {(0,0,0)}?

(b) [4pts. — (z-axis)?

]
(c) [4pts.] Does F(z,y,z) =
] (0,0, 1) have a vector potential on R* — {(0,0,0)}?
]

il
(d) [4pts.] Does F(z,v,2) =
Write down a domain on which there exist well-defined differentiable vector

(e) [2pts. i
fields F' and G such that VX F =0, V-G = 0, F is not conservative, and G does

not have a vector potential.
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