


=>am 3 : Practice test 1
.

02X127

x2yz3 -x= y3

as (yj( =) = ) x = y3

Epes
=jet ar dy

3

Sad-
↓

v = y+ 1 du = rydy "E(Incus]
dy = dy

P
In cr1)]

-
#



scheatsheat
Note

=-ye >
v= Inc7)

↓

x2+y2 =(n7)2 & ..

eelike tha
x=(n7)-y-

↓

- right half of the circle

With raidros of In (7) .
v = In(7) -> Or In 170EY:E luck

- S ) erdu do 10
v = I2

er d & )o(
#ote: In (e) = X

v = r duer
dr = dr v = er eln(x) = X

re"-er 2 7

"[((re-ers() :LINA) - (- 1)

· (7(7) - 6)



Surface area:)+ If, 12
z: For z = y2 - xi

Y En +y ve ↓

f : - 2x dx

- f
y

= zy dy

x
1r14 Surface:tax+

25 -+x+ 2yz
↳

=Sir du do
·urz

- 24(ar]
↓

V = 1 +erdu = so dr

dr=
= var]

·



z = 1 - Y

- y = 1 - z

0-z11 -y
r zy = 1 - y =r
0 = X = 1

- = 1 - Z

z = 1-
t

(FE) - z)2
x = (1 - z)2

CyX
"

X = y z
- T

start with types. (X , Y)
,

1Y
7

-

Y ,z)dedyn
> X

Note that in triple integral
,

#peZ o x yz the outside part always constant

1first , 2) dzdody
Ee2 . Y-z

1y2
dydz

Eye1 dedy 0 = y = 1 - z

= oz = 1-Y 02z[/
02 y = 1 11 -

zy
↓

2 = YE(z) Ardzdyy #3) fury,
z dodydz

80 o



Z

Ease
-

X = 1 - z

↓

T
z = 1-

7

Expe dx-dz

01 X-(1 - z)3

#R
=jezcz! f(x

, Y , Es dydx-d7/
#

* 5

-/ iz) dydEdy



#Francio
- "Tecsa)

- Y =

10
Yers

101518 7 ·
frdade d

0(r = y = 10
I

Polar Coordinate
↓

Usin
= 18

v = 1
: 10130

Sinf



~
I

↓

Center. at zaxic
zEX4 + y2

radius = 1

10 ,
0 ,

1)

prot =22Z x + y2 + z = = 22 ->

N
x2+ y2 + z2 - zz + 1 = 1 zz2=27

z2 z = 0
(x2+ y2 + (z - 1)2 = 1 z(z-1) = 0# z = 1

↳

p : 01P32COSO
X

20ind de de de

&

I
inde: In

noa

Y

·
v = cos4



: (1):

Jacobian
.

=> X= 2V
, y = 5V

,
z = &W ;

#
xyz -> vVw-po,

↑

I 200 I =0 2(5() - 0
,
0) = 40

0 04

JS)(2 + vitwasTold

ggrind d do a
T

= con (singdp)()"pa +

zdr)
↓



(los
↓ ↓

ce - c- 13) (1 - 0)

Aus:'ot
s

↳=

-
b=

0 = ba I
8 = 0 - 05 2A

p = 02p16

Find apdo



OSVE2 cost=
·

z
T

↓
a

· i
= -30

·

r = 01 -- zcOSO
-

E
z = 0-77

# 2018 E

I

) unz and



Y =ex

y
=

= 19 - x2

v
+

= 49·X+ y2= 24

v = 7 -

X #Note !!
z = v1z -27

0 v1 7 ↳onen .

=x
-

0 = 0 21)

jTt rdzdudt

"cit)zo-vedr

- 2/Er"-1r3) :



Exam2 :Practice. (Multiple integral

(6) Write I as a single iterated integral and then evaluato it.

y
=

+ - M

↑ y = 5 x=

S (2
I = A

7 X

Z

+ x= Y

X
= y -&

YeX+&

1)exdy a =
w=
↑x

·5r ) ax

= 59?1x] :



&

E

*
d)spring Medo do

#

pEx +y *z
6 ) In cylindrical coordinate. P:+ z2

[x2 +y+z2)
Z

2
#

x + y4 z= 9

z = 1-X2y2
z=y -> z = 0z=Fxy

as z=x y2
when z = 0 ->Fr Z Z

as z = V= ] wazard* = Fre
vz

r+ r = 9
V= 2

v = ocu-)
zr 2  n -

E
2-



treenthereaderivative

check orientation => Positive.

As it is a simple close curve
, positive orientation counter clockwise

and piecewise smooth. Hence we can apply the green theorem

T closed curve-start and stop at same point.

-o

(Pax + Qdy = ))Qx-Pay a-
- Ty

Cheat sheet. "(aY2 + x2

ferd
2-)

= 61T-24=
: Green theorem = Double Integral .



P Q

00
·

(a, 8)

* Segment (1-+>207 + +10,0)
< 9-4+, 0) +< 0 , 07 = +(1)
- <t -4+,07

b
dx =

-t
,
dy = 0

d.Q
= S(r-ef((+)d7

% - 16 + 16 + +

=-6 + + 8 +2 =

- x + 8 = -

8

-

Segment. (1 -+) (907 + + (02)
=

(0 , 01 + (0 ,
2+)

= <0
,
2t >

at = o Yy = 2 et(1)

=/Par + Rdy = (Ct . 2

=1873
. 2= It

=a++)=



(0 , 2) y
=
= r- x line integral are curve Independent.

·
so we can choose ove own line that

start from same ponit and end at same p.
n

.

+

But just different directions .

Hence : in this questions we use the combination of C and G
.

(MartNay = (Maxt Nay + (Max-N
↓
-8 + r =

-
-> Change of variable use jacobium .

V - V = 0

V ↑
as U = X - Y

,
V = X + Y ↑ ·

Re : Y = 0 S : V -v = 0

3 · 23
Ry : v + y = 0 S = V = 0

Bj : X -y = 2 33
= V = 2

↓

Y
v = X -

Y
V = x + yJulian VtV = 2x - X= Y=

-It-u



dudux
16

Jacobia

Jacobian

-Vaud
·

+

S Moment

Moment : (Mass) (distance
= [ (distance) (density) (Volume)

W

Z ~ T

find M = S)/ZSCVX ,z d ys
?

XY
Zit2 Fr 1 = 5- x2 -yz

=))) zudzdrd X+y R
ver

: gardo
v = 2 - 012

-an do

-yard
~[=

=



-

-> find E First and F(xYz)

Surface Integral=(f)T Ex , y , z - 0

CArea) E
12

(SCA) =

! -)ht ! B

radius = 2

x+y+z = er
= JS 2 da 3 Portle Integral = Area of R

.
z = 4-X2y

z=ye
- z(G (24 ↓ fix , Y, /

= *C = first octant)
↓

(f +(f) + 1=
↓

sure treatyn



#am3

~
earier than yortwist

jgsyx+ 2 dyd

=S'Y-xy +hy)"a

-(8-2x*+ 2) - (1 - x2 + 2) ax

: /17-x + 2 ax

-(g -x=ax =

2((x- !)
=

((a -

2)
= x(z)=



7

No - x =y

x = N

Apply Frbini theorem.

-cosayd As fi is continuous on both

of y = I andyX*
↓

· Xcos) dy Hence dydx = drdy

·

Tue
a

e

#tIntegrate COS .

- (sinut) = [inc-Los =

0



Cancel 11 xy2s4
, 0fy3X

= o When get 1 = 22+ O - Using VLUst
E

1 = v - 2

usint = -COStnuctand tant= 1
- = tan (1)
- = #
↑

- vard
0 : O & T

*

=

( )(E) = ()(2)
=



find

↓home. ze
pa = 1 I prost = miniplossingsin

D
= 1 -> 0 =p - 1

Pcost= psind
Sphere = 0 s2π + und = 1

=yo

"ind dedo a

(indd]( )(-)
=- cos

~ -

cos() + cos(o) = [E+1) (25) (5) =

·
· -2)-



To calculate Centroid or center of mass of the solid)

h
Since ; the region symmetric about the zaxis

,
therefo J= = 0

this we need only to compute the xy-moment.

N (S) Ed=jpcopsind dpdd
Distance) (density)

2cosind [E)
]

E: Ex
socentroid :

(0 , 0 ))



·
(1, 5)

== Ar
1 - (-1) 2 (- 1

,
3) == 1 ·

y - 5= 1(x- 1) in y - 5 =
- 3(X - 1)

Y = X - 1 + 5
Y - 5 =

-

3x + 3
y = x + 4 y ·

B ,
-1 *

y =
- 3X+8

·
1-3) RaR=S -3 ↓

y =
-

3x :==

Y - C - ( = x(X - 3)
Y + 1 = X -3

Re : Y + 3x = 0 y = X - 4

Rc : X - y = 4
T

as X = f(V + V)

Ry : y + 3x = S and y = f(V-3V)
Re : X -y = - 4 V=

V = 8 -V
↓stcase

4x = V + V
↑ Zzu

10 ,8) ↑
=

- (ly = - 3u +V)

v -zu + 8 +X -

fy=

S : V = 0 x -

y = u

: V = 4 =

S : V = g
,

Sa
: V = -4 4y =

- 3 + V

As it is one-to-one and Og is continuous 12x = 3r + 3V

and not vanish ; we can apply Jacobian transformation. PV = -3U + V

12x + Ry = &V

↓ 3x + y
= V



#
gavevtav-su dudv} Erinappit cutinY

>
Jacobian

·ju-sufdud
-d- Not even function

,
cannot change

=-E
to aga

O

=

-%10-40) - C-12V - 50)) dr

to zer or

+ (12v20) :

=(12(812) = 192



clockwise = negative da
↑ simple close curve

,
piecewise worth,

but negative oriented cclockwie) hence⑭ we canapply green theorem.

E
cosx
-J

-) ax-ny dyd

· - i nxy - y2
*

ax

·
- -

((x10X- cosix dx

F
= -)) excode lose ar]

↓
= O Confunction &

- - ((x + qn(u)]]
-())=



↓1 = OXF Sergence = 0 . F

↓ The vector of formf is

I
je ik

conservative

and if conservative :(url F need· to = 0

= 0 -0-0 OXF = (0,
0

, 07

Hence it is conservative .

DirF-PR Def: The tendency of the fluidor

leave the point.

·+E:
h

f function:= +
# +zz

-



= <COS(r)
,

sincus
,

O >

n = < -Usincus
,

Ucoscus
, 13

xy

K

sincus O

Surface integral "Vector Field"

-Lolos I
= i(sin(v) -0 + j(0-cos(V) +K (vcosCV).

+ U . sinccul)

~

< sincus
,

-lossus
,

UL

Ill :Minivi+costi:

Aren

:I do do

ju
V = +2 du = zV d

du-(]



:

(2)
Find the work done by the force field to move an object from P to Q.

F(X ,Y) = (yi +3xj ,
Ph , 1) to Q1, 4).

w= (f · dr letF(PQ) : <zy =, 3xy >

check if f is conservative such that
-3

F = Pf not conservative ,! = 0.

&* = 2xyts &y = Zxy2 + sycy)

z
fixy) = zxy2 + K

From fundamental theorem of live integral as fexy) is continuous over

↑ to Q then St - dr = free-fores
↓(2,9)

= 2xyN
G , 1)



factor out exponential
·rok)errorino .

↑(4) + k - (2(12)3 + K
·

32 + K - 2 +/ Note : To use FTLI needto

= 30 have potential function

Green Theorem
.

Simple close curve
, piecewise smooth and also positive orientation

(counter clockwise)
,

Hence we can apply green theorem .

/(-

-2 d
:Saxy-y-Ex:

: 2x = 2- (2)=O



->
Simple close curre,

positive oriented and

pieswise smooth sorl

that we can apply
green theorem.

-

>
Y - 1 = - ((X-1) y - 1 =

- X + 1

y = - X + 2

: Sjex- daSaveX

0 0

= [c-1X a & (N -x(- X + 2) ax

= jex= xax =
"+xX-2

·=
f

: t :-
: - - -

- (5 + E - 2)
t- Ans : 1 -> 3
CPFY)



Exam3

2 o -<y = zx
+

X=

02
e

O

·

- y = x + x = Y

20 , 08
·

(0)

SS Fy) dA + Sfasy) A

·is"fardyway
F

Upper hulf .

as 1 < Xi+ y 2 > 99 . ) M =

/) SY) A ~
We can use polar coordinate .

1 < v 9do 1 crc3

as YI 0 00H

- j sing did

2 limiti a tant and fex, y) is continuous over the region



hence we can apply fulini theorem.

- (sinf(ear]
: Ecos) + 1] (v1") ·
(-- + 1)("2)
= (2) (2) = & #

#

6 F= M = ((x (, 4) &A

sino
etual to 0 as it is odd function

and Sinc = O as well us sin (0)

Hence Y= = 0
# Profes ,



-PnQ

* dep .

10 Polit we Frisch

a) Conservative if F =Of soon that prot you wish put Now

: -y :y
↓

equal hence conservative

1) F =Of let f(P
,
Q) = <3x" - by2 - 1xy + &Y <

Ste = x3 = (xy)fy = - (xy2 + 2y2+ 9x()

f(x
,y)

= x
3
+ 2y

= - Gxy2+ ke
( . ) According toFundamental theorem of calculus as fixys is continues

are 10 , 3 y1f

Hence we need to find value when it start and stop.

2 : X= 1 + y3(-y)3 => When y
= 0 = > X = 1

Hence point from c X17)
↓ (1 , 1)

~ x + 2y
=my)) =(3-6)- (1)

Check later (10) =
-

Ex



W= SF . dr

%

9 . ) F = Pf

let FCP
, Q) =50+ 3y

,
It cosys fat

Stodu : Pax + Qdy
~

v =1
1

let rots = X = cost y
= sint (b

= > 0 - 0525

↓ b
a= - Sint at dy = cost af

W = (
↑

( (cost) + 3 int)-sinf not (1 + costinct)) cost) at

G
~

6 . ) Simple closed curve ; Piecewise Smooth and positive oriented (counter
clockwise)
- Hence we can apply green theorem.

/-
2π -

-scrando :ger And



:

- do

· Jo ! ]
: - =

-3

al Surface Integral : (St - CMXVIdA

.>
Cheatsheet (Flux).

Goe ↓
ofa & Finds = ))div Fax dy

·
(cytsixcosy)-ccosiny)

)Cy + cocosy-coscosy] dydy = (Sydy

!



-yddy=
&

6 On ( ,
X = 0

,
so f = -siny 5

,
where n = - P

,
Hence F . G = 0

Therefore : theFlux off through Legulls 0.

ThisFords = Ofonds-fond= is,

↓
= O

Hence
:F= find the

-

let V = 2x -

Y ,
V = x + y - 1

↓

#case V = 2x-Y V = 2x -

Y

V = x + y
- 1

-z(V = x + y
-1)

V+ = 3X - 1 V = 2x - Y

UtV + 1 = 3X -> X=+ 1 - 2V = - 2X -

2y + 2

3 V -

zV = - Sy + 2

Henc as z = v2 + v2 V - 2V - 2 =
-

3y
b

z = r2
Y=

V

4 =pz

v = 2 - 01 -2
,
- 020EI5



One to one and continuous
,
hence canapply Jacobian

5=
As z = v

=

the

4 - v =vz8

wirme=-12

ji I-rdd
↓ ↓

In double integral; vots Aaction
inside not its



ExamP MIT

y Idzd

ra #

--

->
plane use seco

a)
. ! tangent at the origin : Hence Coordinate = (0 ,

0
, a)

= x +y F (z -

y) ? a2

psing cos + prsin2Osino + (pcos-a)" = as
I

D'sin fo + (pcos-al2 = a

↑sin + pacos -Zappos
p2-zap cost = 0

↓

P Cp
- 29(0s$) = 0

-> po ,
za cost

6 .
) for plane use as z = 0 -> Pros = @s P=-p = used

( . )

=inded

-



a) Conservative if 0xF = 0 (Curl Definition)
j j k

o · : I
2xy + z3 x +2yzy23x22-1

=(ky - 2y)i
,
(z2 - 3z2)5, (2x - 2x(()

O ou

Hence it isConservative·

6) 8 :8 -> F(P, qz) = <xy + z(i
,
(x2+ 24z)5

,42 + 30z"-1 (i)

(b = xy += , (ty = xy+ Ez , +*-z

f(x
, y

,
z) = xy + y =z + xz3 - z + k



a JSFords ,
E
=
-Rya

ndS = <Ex ,-ty > 1) day only direction.
↓

r = <2x
, 2y ,

1 <

· () (X , Y
,
2(1 - z)) · (2X , 24 , 1) &A

= (1
,

[x" + 2y2 + 26 - z)dA

= 1 - x-ye
- Sur + 24+21+2) da

=

SSRy dA

-apprdrdt COIY)=



* Final Exam cumulative
, HAV

Polynomial
,

Hence continuous and we can find Partial derivative

Ofsty) = Ex = X 2y = 0 fy = ye-X = 0

x2= Y ye= X

(xy" = x

xEx -> X x = 0

X(X3 - 1) = 0

x = 0
,

x = 1

X = 1
when x = 1 -> y = 1

, When x = 0
, y = 0

Hence crit put = (1
,

1)
,

10,
07

f(xY)Second Oerivative test .

(A) :y
check i p or

at Ph (1
,
1) flyi = (7

,
1)

= &- = 3 > 0 Second Derivative test

rich
XY -
fx = k

,
1) = 2 > 0

↓ mineio
To suddle put

Hence (1
,
1) is local Min

Checkx

atPut 10,
07 fol -1 < 0

&
Hence it is saddle put



Polynomial hence continuous.

fx = 6x
"

+ y2+ 18x
->Ex = 0

6x2 + y2+ 10x = 0
I

fy =

zxy + 2y = 0

2y(X + 1) = 0

2y = 0
, X = -1

1 Prote = ( -1,0) ,
(-1

, 2)
,
(-1-2) ,

10 , 0) , (10)
When x = -1

- 1 6 + y
2

-10 = 0

y2= 10 - 6

Yet

y
= 12

when y = 0
6x2 + 18x = 0

2x(3x + 5) = 0

X = 0
,

x = - 5

5

Second Perivative Testo Exx : Kx + 10
, Exy : 2x + 2

, Ey= 2y , Exx 24

1kxH2) = ext(2x +2) - LyLy

- 24x4+ 24x+ 20x + 20 - cyh
= 28x"+ 44x + 20 - 2y2



&not ( - 1
, 03

= 24- 14 +20 = 0
- Inconclusive

not use
.

fry (1 , 2) = 24 - 14 + 20 - 16 = - 16 > 8
↓

C-1, 2) is saddle prit
↑ 2-1-2) = - 1) also saddle pent

-

↑ 10,0 = 200 f(90 = 100

Hence its"local Min
# 15 ,03

= 80 = Ex (500) = -1000
↓

Hence => local May

Optimize = x2y / Constraint x2 + y
= 1

As fix,y) is polynomial hence it is continuous and we can find

the partial derivative .

Check if by vanish over for not

Oy = (2x , <y) + 0
↓

Hence we can apply lagrange multiplier.

: Of(X , Y , z) = XOg(x, y , z)
<2Xy, x

=
> = x <2x

, 247

↓



-> Better way
**:y > X = Y 2- 2xy = 0

eyX = X2
2x(X - y) =

x+ y2=1 2y2 =X =Y

X+ = 1

y
=

= E - plus

to
Ex" 1 case Xi0

x=I Zet (0,1) and (0, -1)

v=1

Lase1 when x =E => = + y= 1

y
2

= 1 -

2
yes
Y =1
B

Here put = (e)
. (E1)

be When X=-
↑ (5 · 5) = *y =

((j) ==
local Max

↑(5) : (E : 5: > local Mir



3x + y + z = 1

When z = U

y = 1 - 3XWi3X +y
= 1

who
y = 0 0 = 1-3X

3X = 1

x= 07 -1 - 2 -

↑(3x+

1Type 1
:dydx 3x = 1 -Y

X = 1 - Y

5

yAve varle X

myy-

Integral Govern (Prid

n is Gos Being
an ser constant.



Note : z =My is come at $: Note: Rectangular

Interof X-y.

#
short

st
mu
- Couly first Octant)

For Rectangular ,
Make that all function are interm of X and Y.

Top functio
: z=ya

Bottom function : z = Ny2

Next Find Projection onto X-Y plane to Find P.

↑
Ex

-

-

I

~
VIII" Y X

set z-zx" -y = = Fty2

12 - X2- y2= x2+ y2
Rectangleset 2x+ 2 y2 = 72

-

()) fix,z) dady dy x4y2= J - y
= 6 -x2

Y=x2
8 0y A



x+y26 rE6 v = 5

Cylindricy
:Redude- problem stated oly first octant

Sphericle.sing dodd do

Jacobian = as it is onetorome
,

polynomia : Hence it is continuous and we

can find it first partial derivative

lvT! I = rv2- (Criev)(r2-2us]
= Pvir2-(v82-zu+ 2V3- EVV]

= 352-2V3+ 2V3 - NU

#



as V = 3x-y , V = x +

y
, Constant, Always verulea

B2 : X +y
= 1 V = 1

M: x + y = 0

&:& -Rs : 3x -y = 0

: V
= 0 -V

Pri 3x-y = 1 So : V = 1

Case & " U = 3x -Y V = 3X -

Y-

V = x + Y
- 3V =

- 3x -

3y
V + V = 4x u -3V = -4y

X = V + V

&
y=V

-

I
Jacobian

1
&

Jacobian

-Ive
↓ DIY

Aus = Go)(i) :

to



↓
o f (X , Y, z) is continuous and not equal to 0SF -dr nence we canupply line integral.

Segment = (1-+ (0
,

1
,0) + + (1 ,

0 , 2) + (01)
= (0

, 1 -

+, 0) + (t , 0
,
2 t)

rot)
=

< +, 1 -+,zt]

Instill = <1 - 1
,
2) = F = o

= (Erstlfact) 11
I

/Cut + 2-243 at

G

· to [ + 2 +-
= r(z + z

-

1) =m(z - 1) =()
:

F



(a) F is conservative if F = &F , as

USSUMb
↑ is open and simply connected

or Q
-

Let FCPQ) = (xyty ,
Xy + 2x + 2)

= 2xy + 2 = 2xy + 2

Y

Prove Conservative

(6) ·
Find Potential function f -> F = U =

Stx = Ex + 2yx + y()

Sty= + 2xy + 2y + gy(Y)

Hence F(xyy = ** + 2xy + 2y + Ky

C . ) as fixts is continues Over the region Oct
and first 8

Hence we can applyFundamental theorem of Line integral.

↓



(fodr = f(rc6l - Fucal))
Fleet) :

encet litt + 24ttl,
- + ze'(l + 1) + 2( +1)

=

(e+ +e + 4) -(+ 2x)(1) +)
= (e+ +e++) - (2 + 2 + 2)

: ze feet - & = 2074e -1
F

dif

As it is a conservative vector field
Hence SF .dr = 0

↓
integrate a conservative vector field on a close curve will

be equal to zero .



↓
Pax + Qdycircle with radius of 2.

-
As it is a simple close curve.

piecewise smooth
,

and positive oriented.

- Hence we can apply green theorem .

OJrI2
, E => 02F525

/
Let f(P ,Q) = <- y3

, X3)

3x2,y

- + 34 rardo

= y wdrde
↓
p

= /dr do G both constant ada

=

>(2(f) = 3(2))) = s(2n(t)]
= 3 (815) = 28



#ex, ir
Simple close curved

,
Positive oriented

, piecewise smooth such that we can apply

green theorem .
f(PQ) : Cety

,
e

* +X)
·/ -A

: IX,=

= jeyx-2ydady
="x2xx dy E + 1

-jx-2yy dy =y-zydy :-
=

8-

-8



EExam3 * Math with Professor V

2) x =I-ya
X+ y

2
= (12) 2

r
=
= (n2)

<

v = In 2

In2
orIn2

O 0 = 0 -I

nerrdrdt
! dirwis

Ifver an
: (ver-eryS
= [The2 eth) - 10 - 1]]

:Anal -2) + 1) = EGln-1)
#



-Search/lict1)
at humoslot renees ens

as sincel + 20s0) = 1

·

Fina
· optin

14472

11 rctill = (5cos(Et),5sin(Et) , 12 (
-

=

- (5Cos(Et)"+ C- 5sin(E+)+1122

ECOPLEt+ sinEt)T
z

1

:#y = 13

=S first /ritill- (13)E +2 =

T
·

01)(

·



-
Note for a close

curve : An integral
for a conservative

rector field is equal to

Check if F is conservative such that 0xF = 0 Zero.

-

Ie I = 10-0
,

0
,
07

↓

Hence F is conservative

If F is conservative then F =Of

leff(P,
Q

,
R3 = ( Xe gay , e8z)

V =4x2

find Potential function= (E = Lee SFy = CerY /EyeX g

F(x
, y ,

z) = Jee 12 + Let +k
As Cand is continuous and foxy , z) is a polynomia) honce continuous

also in the set of G and C ..
Thus

,
we can apply Fundamental of Line

Integral ,

↓ Eat f = Frfiral)
191 , 17 -> (11)

a

= Sergey + Lez/ -> : Note :

Line integral is puth idependent,
10 , 0

,
02

so we don't care about the path. We only

cure alt start and end put . In this Question asI ↳ UL then it is connected together and



[Ge + &e + Ee)-(E + E + z)] ·

can use the end point for G and

start put to G . This way we

(((0 + Ex + 2) -(5)]
don't need to separate to Juft S A

· Zetteget - ↳
·

&

↓
chout sheets use even

for green there

Closed simple curve
, piecewise smooth

, positive orientalire

such that we can apply green theorem,

green
the

--
intersection 2x2= 4X3

- Area : body 4x"- 2x2= v

2x
<

(2X - 1) = 0

= = z , X = 0· -> Parameter carrot decrease !! NO

Y I

G = X = + C .
X = 3 - t

y
= p + 33

y =

2 (E- + ) 2
02 + 21 03 + 14
dy

=12+ 2 dy = r(E -+ ))
2 t

A = pxdy = Sat(
+)



-
:E

↓Col

↓ ↑

Log

Simple close curve
, positive orientation

, piecewise smooth enough such that we can

apply green theorem,

green theorem /F . dr nt = /S -D A

let F(P
, a) = (x+ y2

, x-y)
= 1, Y

Se-zy dry
= Joy -2y dy =

y -y2 - 1 - 36 = - 30



Surface trends either
d=zy+ 1

fr = - 2x
, fy =

-

2y

- Nex+ -cyto = vexity=+ /

252x2 +y2149 +
5 r17

· rardo
34x

-

atsta ent

v = er+ 1 dr = 80dy

197
dr=
:

Y-
-1977-101501]/



W = / curl Fonds F = 73z , 34
,
14)

2
Stoke

CrIFFr) = -0>
Z

&
z :5typ d &

N X
E = v 200
-

or ty
use this .

-- E = <xify ,
-7)

h = <- Ex +
- fy ,

1)

=>
Curl F ↓

-
↓



g-int3)d
↓
Ply = -6It

Maximum Rate of Change = Directional Perivative.



Math 212 Final Exam.
Optimization .
↑

↑

Construint
as f(X > Y) is a polynomial ,

Hence it is continuous and we can find its

first Partial derivative
.

: As gay) (x + yec13 is close and bounded then we can apply
the Method of Lagrange Multiplier.

f(x
, Y) = X+ 2y + 1 - > Optimize

, g(xY) Xty] ,
constand

↓

close and bounded andhence conreach extreme miny
Check if Og(X ,Y) vanish over f Og=x

,2x] 0 Mut value.

Prave

Ofiyy) = X Py(X,Y)
< 1

, 4y) = X <24
, 27

2xX = 1 X = Ex
2yx =+y · ein in miss scising
x+ y

=
= 1

When X = 2 - 2 = 1 2xx-y = 0
2X 2y(X - 2) = 0

4x = 1 x = 2
, y

= 0

x =7 ↓
when y = 0 x= 1

when x= -- x = 11
P

.
U+ 1 = (1

, 0) , (-1 , 0)

Y + y = 1

yE1-t - y2y:



Hence = (EE) and (t-E)
Check port .

fix
s y) = x + 2y2 + 1

f(
,
0) = 1 + 0 + 1 = 2

f( - y ,0) =

- 1 + 0 + 1 = 0

↑ (f, ) = A + 2() + 1 = f + y + 1 = ( + 1
=

↑ (f)-) = - sure =E
Hence als maxat put (* ) , (EE) Min ut ( + 1

, 0)
*

Paramatize ret

↓
Let rots = X = a CO O

6 = 6 Sin &

r'c+) = Jasing
,
(lost)

JF .dr = Steri) · rict) at

-St, ) · -usin ,o

=notsing cost

=

0

Hence the line integral = 0.



(Ct) = (1 , +, +2)

114
dx = 0 - dy = 1a+ mz = 27 d

= Jacos -Di(f)(e) + +2(2+ )dt
&

= S' = + + 2+3 dt

- -E +! =
-E + z =0

= E
r =Ev=I

! der

--

sinsing + psin$10 : I

-singddt-(-cs]HP sin = -
↓ = (2 -z)π



Ucla Final Exam.

let paranetize veti=let rot) = X = Cost E = sin

Y = W

SF .dr= Stere : ricts at
.

Vict = Esint , 0 ,cost
~ (0 , sine, 7 - 1050) · (sing

,
0

, cust
-

O + 0 + cos-10s8

=cost-coso %
I

old function -

o



%
:

& fas = Sforcti Dricts 11
7 t (0 ,

-
let rots = <t ,

+
2

, 07 ,
Nrctll=Its tE

-Fratz

= (nz( ++) (+2) It
-I

separate when +co= (t-that +

2
- O

12Ht+ at

↓

~ Site = Ply = 2117-1)



⑭
surface Integral.

6) JJFdS : 35CH-1) : /) feres,coss NrcvsXV)1) Node

X*+ yEtzz

let x = zELOSO , Y = zsNE jE= 2 to i

r(v = EZzsint
,
Izcoso

,
O

rCV = (2cOSO
,
Isino,

4r() + v()) = O

=& S =5 do dz
Il ricus ur'cull

# +
fircol , revis

↑1

: 12zcos
+ z) (255z) dE de

W

OFY = 39 (-

2)



I
Can also use spherical#r but harder

.

rEg

v = 55 -> 01v15

x+y2+ z2= 8 x
2

+ y 2= 27

z= 8 - x2- yz I z=+ y2

=

2
or z unin cou r

r= =( ) =(4)
+ (8 - r2) = we
332-tut-it

↓
ri++r2- 32 = 8

Fr
I 6) (3z dz ududo rE-F

↓ E
OLY : FT

:

-
use ↑



↓

v=2

(a). Conservat F = Of V = x,
-

du = 2xd
das F(x , Y ,

z)=
We find Potential Function first

[t = Eny2)
, <y =Ele=

Potential function = Fax , y , z) = Elucy +g(y)

chek if F-F- (in y 0)
same hence Conservative ·

5)

) :-000 , Nonea
Hence by Curl it is not conservative



2) DofSivergence==
↓

Hence by divergence its not

Conservative -

d. Yes use OxA =F (lurl)

e
. (1 ,

0
, 07


