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* Trigonometric functions: If
sec x, or of cot x and csc x,

f(x) is a product of powers of sin x and cos x, of tan x and
the “Trigonometric functio

then use the suggested substitutions we mentioned in
ns” section.

* Rational functions: If f(x) is a
involving partial fractions.

* Integration by parts: If f(x

transcendental function

function), then we try in

rational function, use the discussed procedure

) is a product of a power of x (or a polynomial) and a
(such asa trigonometric, exponential, or logarithmic
tegration by parts, by choosing the right u and dv.
* Radicals: Particular substitutions for certain radicals are suggested.

¢ Ifyousee yEx* = 47 yse trigonometric substitution

Expression | Substitution l

L s 2 3
Ja? — x7 X = asin 6, Tyt ‘7 1 = 5in’0 = cos’0

Identity

ks ks 3 )
Vai ¥ x? X¥=aunf, -—<g oy 1 + tan’0 = sec’

T 3 q 5
i=a ¥=asech, 0S0<TorTSO<=T | sec’d— | = tanp

* Ifyou see ¥/ax + b use rationalizing substitution y = Yax + b . Sometimes this works ford/g(x).
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Step 4: Try again...
* Didn’t the first three steps produce the answer? No worries!
Remember: There are only two methods of integration: substitution

and parts.
Try substitution. Even if no substitution is obvious, some inspiration may

i)
suggest an appropriate substitution.
ii) Try parts. Integration by parts is sometimes effectjve on single functions

(we used it for products, most of the time). It works on tan-l, sinlx, and In

X, and these are all inverse functions.
iii) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing
the denominator or using trigonometric identities) may be useful. Example:

J~ dx =j' 1 .l+cosx =§l+cosx
1 —cosx 1 —cosx 1+ cosx 1" —fcosix i
=jl+.cfsxdx=§(csc2x+c?szx)dx
sin‘x sin’x
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f"(x) = 2/x°.




Example

. 2
Use the Midpoint Rule with n =10 to approximate the integral {; e dx.
And then give an upper bound for the error involved in this

approximation.

0 A
10

Example

Use the Midpoint Rule with n =10 to approximate the integral [}
And then give an upper bound for the error involved in this

eidxs

approximation.
Sincea=0,b=1,andn= 10, the Midpoint Rule gives

f 'e“dx ~ Ax[£(0.05) + £(0.15) + ... + £(085) + £(0.95)]

il 0.0025 0.0225 0.0625 0.1225 02025 0.3025
= 0.1[¢ +e + e +e + e + e

04225 0.5625 0.7225 0.9025°
+e +e + e st e i)

~ 1.460393

Example

Use the Midpoint Rule with n =10 to approximate the integral fo e dx.
And then give an upper bound for the error involved in this
approximation.
Since f(x) = ), we have f'(x) = 2xe** and ) = @ + 4x2)e”,
Since 0 < x < 1, we have x2,< |
0 <f"(x) = 2 + 4x?)e*’ < 6e
K=6e,a=0,b=1,andn =10 5
6e(1) e
upper bound for the error W T
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Example

Use Simpson’s Rule with n = 10 to approximate J? (1/x) dx.

-9 n 4
D= L - T -
10 s 39

3

Example

The data traffic on a link on one day is presented. D(t) is the data
throughput, measured in megabits per second (Mb/s). Use Simpson’s
Rule to estimate the total amount of data transmitted on the link from
midnight to noon on that day.

D

L



Example

The data traffic on a link on one day is presented. D(t) is the data
throughput, measured in megabits per second (Mb/s). Use Simpson'’s
Rule to estimate the total amount of data transmitted on the link
from midnight to noon on that day.

Now choosing n = 12 and time intervals of 3600 seconds,

We estimate the integral based on Simpson’s Rule

fo SeA( i~ %[D(o) +4D(3600) + 2D(7200) + - + 4D(39,600) + D(43200))

~ @[3.2 +4Q27) +2(19) + 4(17) + 2(1.3) + 4(1.0)

+2(L1) + 4(1.3) + 2(2.8) + 4(5.7) + 2(7.1) + 4(1.7) +
= 143,880
So,

Example

The data traffic on a link on one day is presented. D(t) is the data
throughput, measured in megabits per second (Mb/), Use Simpson's
Rule to estimate the total amount of data transmitted on the link
from midnight to noon on that day.

Let A(t) to be the amount of data

(in megabits) transmitted by time ¢ (in seconds), (1) = D).
Using the Net Change Theorem, t

he total data transmitted by noon (t = 12 X 60t = 43,200) is

0 0

3,600
7,200
10,800
14,400
18,000
21,600

483200 = [** pGy s

Ehmv meu}\ lf\m, simqbq\/\ K ol

79]

the total amount of data transmitted from midnight to noon is about 144,000 megabits, or 144 gigabits.



Example

How large should we take n in order to guarantee that the Simpson’s
Rule approximation for [} (/%) dx is accurate to within 0.0001?

°

Example

How large should we take n

in order to guarantee that the Simpson’s
Rule approximation for [} (1/»)

dx is accurate to within 0.0001?

If (x) = 1/x, then f9(x) = 24/x°. Since x =

1, we have 1/x < 1 and so

524‘ K=2s

24(1)° [fO) | =

24
2 X
W < 0.0001

24
180(0.0001)

, So, n = 8 (n must be even) gives the desired accuracy.



Example

Use the Simpson’s Rule with n =10 to approximate the integra _\'J\ e dx.
And estimate the error involved.
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Improper integrals - Infinite intervals

t
1 jlg L
4@ = ['—rdx= —;]I— 1ot

1
lim A(?) = lim (I = —) =
t— t— I

f‘”—lz—dx=1im

t
[ x t— J1

1
x—2dx=1

—

Improper integrals - Infinite intervals
(@) If [} £(x) dx exists for every number ¢ = a, then
f- 769 =t [
provided this limit exists (as a finite number).
(b) If [7 f(x) dx exists for every number f < b, then

Ji f(x) dx = ‘EIPOO J.,b f(x) dx

provided this limit exists (as a finite number).

The improper integrals L . f(x) dxand [°_ f(x) dx are called convergent if the
corresponding limit exists and divergent if the limit does not exist.

(c) If both [} f(x) dx and [* f(x) dx are convergent, then we define

Ji f(x)dx = J; f(x)dx + r f(x) dx

-~
any real number a can be used
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Let’s compare the two functions...

0 | w ] ¢
J.l x—zdx converges '[l }-dx diverges

infinite area
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Improper integrals - Discontinuous integrands
(a) If f is continuous on [a, b) and is d

[y = i 1004

iscontinuous at b, then

if this limit exists (as a finite number).
(b) If f is continuous on (a, b] and is discontinuous at a, then
y

Lb f(x) dx = ll—i»T+ j‘lb f(x) dx

if this limit exists (as a finite number).
The improper integral [2f(x) dxis called convergent if the corresponding limit
exists and divergent if the limit does not exist. olEan
(c) If f has a discontinuity at ¢, where a < ¢ < b, and both j: f(x) dx and y )
L” f(x) dx are convergent, then we define

L *f(x) dx = j £(x) dx + j" () dx

o a c b x
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Example

Find re. fthe regi N
ind the area of the region enclosed by the parabolasy = x2 a

andy = 2x
X<,

VX, y=ox- x>
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N
- ¥mox-x” o)
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= 2
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Example

40
The plot shows velocity curves for two cars, A

and B, that start side by side and move along
the same road. What does the area between

5 10}
the curves represent? Use the Midpoint Rule
to estimate it.
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Volumes

o 0\ amXy X By Xs Xy X5 X¢ X=b *

s-sectional area of S in the plane P,, through x and

Let S be a solid that lies between x =a and x = b. If the cros!
function, then the volume of Sis

perpendicular to the x-axis, is A(x), where A is a continuous

V= lim 3 AGch) Ax = [} AG)dg
A= joy ) .

Example

Show that the volume of a sphere of radius r '
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Riemann sums 2’: AG)A é (12 — 7)) Ax
= =

(@) Using 5 disks, V ~ 4.2726 (b) Using 10 disks, V~ 4.2097 (©) Using 20 disks, V ~ 4.1940

Example

Find the volume of the solid obtained by rotating about the x-axis the
region under the curve y=(x)°* fromOto1.

Example

Find the volume of the solid obtained by rotating about the x-axis the
region under the curve y=(x) from0to 1.
The region and the solid obtained of rotation are shown in the figure.
When we slice through the point X, e get a disk with radius vx.
The area of this cross-section is
AW = 7 (Vx)* = mx

The volume of the approximating cylinder is

A(x) Ax = 7rx Ax

The total volume is

T
. 1 e
v=j°A(x)dx_J;mm»ar Z]n
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Example

Find the volume of the solid obtained by rotating the region in previous

example about the liney = 2.
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Cvuss - Seckipn  wven  gb wwshey - A= (ovtey R) - ‘mmweym .

Example

The region 2 enclosed by the curves y =xandy = x? is rotated about the
line x = -1. Find the volume of the resulting solid.
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Example

A solid with a circular base of radius 1 is illustrated. Parallel cross
sections perpendicular to the base are equilateral triangles. Find the
volume of the solid. .
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Example

Find the volume of the solid obtaine

d by rotating about the y-axis the
region betweeny =xandy = x2,

*
] 1
V- J G2 X -2 %) dx= ZWJ (X7 ) %) dx
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- Fx F:n: M
Wk = We P, T

di?

(a) How much work is done in lifting a 1.2-kg book off the floor to put it
on a desk that is 0.7 m high?

>Nebo: weight i 4 Jorce.
(b) How much work is done in lifting a 20-Ib,weight 6 ft off the ground?

oo e = (LDUR) =y N
MaFO S O Fe) s B2 )

boWefae ol ) (o f) - 179 -1k

wha‘\' \{: ﬂ\(, {\ol‘w i YlUJr COWsHVﬂZ

}

We lin V‘z fox™) Dy (1"00 A
Wo {29 a
Example

A force of x2 + 2x
from the origin. F
done in?

pounds acts on a particle located a distance x feet
or moving it from x = 1 to x = 3, how much work is

U e
~ (x %) "

3
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3
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Example

Aforce of 40 N is required to hold a spring that has been stretched
from its natural length of 10 cm to a length of 15 cm. How much work
is done in stretching the spring from 15 cm to 18 cm?

{\Cx)‘f Kx
Stm= 0.05mM Pro.osyz¢0

K=t0.. %0 $f):=500 x
p.o§ )
@,0% /’7@1"3 “U'q

WD) Boo x 4x = 16%)

“S\gwﬁwstﬂlJ/M“J“Wh
—

0.05k=40
naberal Jength

—

Example

t/)\uf’OO-lb cable is 100 ft long and hangs vertically from the top of a tal|

ilding. How mych work is i ;
building? réquired to lift the cable to the top of the

== =,

n

/7 (an‘hr)

| Vot convert o M) first

< 49< K (0.9F

}’\: BV\] *

[\ Fove Bydoahs vs vurt
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Example F- 200 by

A 200-Ib cable is 100 ft long and hangs vertically from the top of a tall T0v P]f
building. How much work i$ required to lift the cable to the top of the

building? > ”7/
We place the origin at the top of the building and the x-axis pointing downward. 0 #’fl

We divide the cable into small parts.

Ifxi* is a point in the ith such interval, then all points in the interval are lifted by
approximately the same amount, namely, xi*.

The cable weighs 2 pounds per foot, so the weight of the i*h part is

Q2 Ib/fe)Ax ft) = 2Ax1b. ¥
The work done on the jth part, in foot-pounds, is ('_) A.\‘) s “* = 2x¥ Ax

< 2 00
W= lim ¥ 2x}Ax = (" 2x dx 100
n—>x -1 JO

v v
Force distance
;7100 i
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base radius 4 m. Itis filled with water to a height of 8 m. Find the work
required to empty the tank by Pumping all of the water to the top of
the tank. (The density of water js 1000 kg/m3.)

me
work = Diskinee x Peusety x valv

Volore = 17 v2 - ' kuess

=Tk t/\'\/
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Example

Find the average value of the function f(x) =1+ x? on the interval [-1,
28

a=-landb=2
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Example

Show that the average velo
same as the average of its

\ ois place ment
city of a car over a time interval [t,, t,]is the 1F 5 (/} ) N ﬂ‘& ! P
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Example

Find the length of the arc of the y2 = x3 between the points (1, 1) and
(4, 8).
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If a curve has the equation x = gly), c<y<d, and g’ is continuous, then
by interchanging the roles of x and y in previous Equations, we obtain
the following formula for its length:

&

1= fw + [g(W] dy = r il (ﬁ)l dy
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Example

(a) Set up an integral for the length of the arc of xy = 1 from the
point (1, 1) to the point (2, %).

(b) Use Simpson’s Rule with n = 10 to estimate the arc length.
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Arc length function

If a smooth curve C has the equation y = f(x), « < x < b, let s(x) be the
distance along C from the initial point Py(a, f(a)) to the point Q(x.f(x).

Then s is a function, called the arc length function,

s(x) = f VT + [ OF di
B

dy

iE dl 2 m' Ay l
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0 |
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e
Example
The curve y = /4 — x?, —1 < x < 1 is an arc of the circlex* + y* = 4.

Find the area of the surface obtained by rotating this arc about the
X axis.
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Example ‘

Find the area of the surface generated by rotating the curve y = e, 0 < x<1
about the x axis.
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c pressure and force

e volume of the fluid directly above the plate is

ts mass is

e force exerted | :‘XV‘,» the fluid on the @Fi(—‘ is therefore

ressure P on the plate is defined to be the force per unit

P=(1000) (1.9) (diskng,
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Example

See the figure). The height is
d 30 m at the bottom. Find the
f the water level is 4 m

A dam has the shape of the trapezoid (
20 m and the width is 50 m at the top an
force on the dam due to hydrostatic pressure i

from the top of the dam.
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Example

Find the hydrostatic force on one end of a cylindrical drum with radius
3 ftif the drum is submerged in water 10 ft deep.
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Moments and Center of Mass

Our main objective here is to find

the point P on which a thin plate of
any given shape balances horizontally.

This rod will balance if niia, = myd,

—d—t———d,—
Location of the
center of mass

y

m,
|
m(x — xp) = my(x; — x)
mx + mx = mx, + myx,

X
i mx; + myx,
S e L AT

0 m,/
my + my

f’\1 X,\ avih [/\27\L < Miment of )ﬂ\e, t, S5¢

Moments and Center of Mass

In general, if we have a s

ystem of n particles with masses [, by oo -
m, located at the points X1, X, - - ., X, On the x-axis, it can be shown
similarly that the center of mass of the system is located at

a
The sum of moments M = 2 mix; is called moment of the system about the origil
i=1

i=1 m= Sm;

n
S\IM QP r’tﬂb'tQ/V\lfS: M: —V\Z MJ X} /} mmt\nlf OF §7§+ﬂf’\ Q&U\)}L ﬂ\ﬂ vaj ]\\Q
ey
b

MY = /\/\



Moments and Center of Mass

By analogy with the one-dimensional case,
we define the moment of the system about the y-axis to be M, = 2 mx;

and the moment of the system about the X-axis as y, = 3 my;
i=1 ®

My and Mx measure the tendency of the System to rotate about the y-
axis and x-axis, respectively.

As in the one-dimensional case, the coordinates (%,
Mmass are given in terms of the moments by the for

¥) of the center of
mulas

M, and my = M,, the center of ma

where m = Zm; is the total mass. Since m¥ =
S m would have the same moments

y= % (X, ) is the point where a single particle of mas
the system.

e —

Example

M,
m

Find the moments and center of mass of the system of objects that

have masses 3,4, and 8 at the points (-1, 1), (2, -1), and (3, 2),
respectively.
r\o(\“"“_ !| C(,V\lev Op M5 S 6“]-
o .
{ My = 300+ 00t 6L3) = 29 ~ = My v - My
o
Me= 30t #0-1) 1102 = 15 j
59 ~
A U,V\jrw W.F M Lon
SR M5 i,
=1
TN Fom s
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Mus> = 34t+gz IS V=1
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Some kine mot [haf eusy

Its area is f(x;) Ax.
Its mass is pf(z) Ax

o\ a
The moment of R, about the

y-axis is the product of
its mass and the distance from G to the y-axis,
which is x;. Thus

2 & £G)
\cl(f L 1@)
My(R:) = [pf (x:) Ax]x; = pX:f(x;) Ax

Moments and Center of Mass l i
R

@)

The moment of R (summation, when n goes to
infinity) is

0\ SR\\ o/

: n e b 1 R, R Xi-1 % Xi

My = lim ) px%; f(%;) Ax = pj xf(x) dx !
n—o i a

s

Moments and Center of Mass ‘

| |
Similarly for the moment about x-axis

MJR) = [pf(%) Ax]5f (%) = p - 30/ (X)) Ax

M= lim 3 p - JFG)F Ax = p [ 7P dx \F\y~
The center of rﬁass of the plate is defined as

mx = M, and my = M.

o571
e pfate m = pA = p ‘ f(x) dx
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f the region R lies between two curves
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Consumer Surplus

The consumers who would have paid p(x,
value on the product; they would have P

to them. So in paying only P dollars they
of

) dollars placed a high
aid what it was worth
have saved an amount
(savings per unit)(number of units) = [p(x;) — P] Ax
For all subintervals
2 [p(x) = P1Ax

Let n—>
X
J‘ [p(x) — P]dx consumer surplus
0
The consumer surplus represents the amount of money saved

by consumers in purchasing the commodity at price P,
corresponding to an amount demanded of X.
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Blood flow

P
v(r) = — (R? — %) law of laminar flow
4nl
To compute the rate of blood flow, or flux (volume per unit time):

The approximate area of the ring (or washer) with inner radius
i1 and outer radius r, is 2ar; Ar where Ar = Tl

The volume of blood Per unit time that flows across the ring is
approximately
Qmr; AY) o(r) = 27, v(r;) Ar

The total volume of blood that flows across a cross-section per
unit time is about

> 2 v(ri) Ar
i=I

°

Blood flow

The exact value of the flux:

= R
F = lim >, 2wriv(r;) Ar = j.o 2mrr o(r) dr

B> jm|
R 12 o o
- — (R? — r¥)dr
."021"41;1(
r=R
Pl
P (R 2_3d=.'nl_- R?— — —
=7n7j‘o(Rr Bederrills T
Hollpes e _'n'PR4
=_2-"7—l 4 81l
_ addie
8yl
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ans that the probability that X lies between a and bi
integrating f from a to b: .

P(asXsb)=5:f(x)dx




Ise probabilities are measured on a scale from 0 to 1

oo

| el

)S X< 10and f(x)

15 a probability density function
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Mean of probability density functions
'€ mean of any probability density function fis defined to be
MU‘M "
R — o g
= ‘ X f(x) dx

mean can be interpreted as

Ohg-run average value of the random variable ¥

AT

Mean of probability density functions

If R is the region that lies under the graph of f, we know that the x-
coordinate of the centroid of R is r X F() dx

xX= m =jle(x) dx = (1%
X) ax

So a thin plate in the shape of R balances at a point on the vertical
line x = p.
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Example

Find the mean of the exponential distribution

{0) = {0 if t<0

CCRSML T == ()
= "x tf(7) dr = ")x rce™dr
V= Jo

The mean is p = 1/¢, so we can
U=rtanddv = ce~t gp, integration by rewrite the probability density
parts function a
du = dt and p = —I

0 if r<o0
f(f) it {M—IU*:/!A

ift=0

(= ¢ . ‘x vy . i x x s
‘ ree='dr = lim ’ tfee™'dr = lim (—n’ "] + ’ e "z/l)
Jo x—» Jo X—> 0 " Jo

3 s 1 Chi 1
Eim (S veaeiite- tuchs | iy
X— (o c c

0>\r\) banb iH)( Aewsity fonction
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Example

Suppose the average waiting time for a Customer’s call to be answered

by a €ompany representative is five minutes.
(a) Find the probability that a call is answered during the first minute,
assuming that an €xponential distribution is appropriate.

(b) Find the probability that a customer Waits more than five minutes
to be answered.

onld cheat sheef.
)
y! / b
-1 «/ . >
Mean qmqe\r)r\/ ckcnsfjry Wthf,Jrl‘oV).’—N & N ‘J% —O
1 s
(&) P N - ,{Q—Sa/g
_t 1
= 0.2(-5)¢ S
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o 1eTes) f foby dy -
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Median

In the previous example, a number m can be defined such that half the
callers have a waiting time less than m and the other callers have a
waiting time longer than m.

In general, the median of a probability density function is the number
pustichithat: G

[ ax =1

This means that half the area under the graph of f lies to the right of m

Normal Distribution

The probability densit

y function of the random variable X is a member
of the family of functi

ons
Flx) = e~ (-1 Qa?)
o/ 2 ‘
\
‘ |
standard \/
deviation gican
o 1 (22
It can be f e~ (-1 Q202
that =




(1Q) scores are distributed normally with mes

(b)) PC)(>74,0>: 530-4—0‘(,)(-100\1/750 ¥
15{2n >
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2oy
¢ ( 2> ) 1 ¢ (a-100)% 55
15 Lo dy = 0-003%
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1S @ probability density functi
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Example
The hydrogen atom is composed of one proton in the nucleus and one

electron. In the quantum theory of atomic structure, it is assumed that
s an orbital, which may be

the electron occupies a state known a
of negative charge surrounding the nucleus. At

thought of as a “cloud”

the state of lowest energy, called the ground state, or 1s-orbital, the
shape of this cloud is assumed to be a sphere centered at the nucleus.
This sphere is described in terms of the probability function

p(r) . ig r2e—2r/a,, r=0
£ (a0 ~ 559 X 10" m) Bohr radius
gives the probability that the electron will

£ 4 2 ,~2s/ay
The integral P0) = [/ s%/ds
radius r meters centered at the nucleus.

be found within the sphere of

CXample

(a) Verify that r(is a probability density function.
(b) Findiim,_,_ i
valuegn (). For what value of does p() have its maximum

(c) Graph the density function,
(d) Find the probability that the electron will be within the sphere of

radius 4a, centered at the nucleus.
(e) Calculate the mean distance of th :
e electron from the nucleus i
ground state of the hydrogen atom. e



’ Example

(a) Verify that p(is a Probability density function.
o(r) = —7' 2e=2r/a0 >0forr >0
o0 o0 t
/ p(r)dr = / 137‘26_27‘/% dn= —43 lim [ r2e=2r/a0 g
o 0o G Goliateol/ o

2.5z 5. ¢ bx/13\/12 2 i[a_—"(—2)x=1
.fz e dr = (/b )(¥°z? — 20z + 2). (integration by parts)

b=—2/ag
I'Hospital’s Rule

I'Hospital’s Rule, 4 i 4 o 5

ey 11 = llm TP e —
(13 r—00 627‘/‘10 a,g

= i —_—
r=e (2/ao)e /%0 ~ 4% +2% (2] ag)er a0

To find the maximum of p, we differentiate:

P(r) = %[ﬁe“”/%( - ) +e72r/o0 (2r)] Zemtr/ao (21’)( I 1>

r
/ —_— — — —
p(r)=0 & r=0or1 =

N e oremesm—as

© T=a0 [a0~5.59 x 107! ],




Example
(c) Graph the density function.

1X 10

{ 2

0 y 7 410710

Example

(e) Calculate the mean distance of the electron from the nucleus in the
ground state of the hydrogen atom.

(e o] 4 t e
n= /_oo rp(r)dr = = Jim 0 rie 2/ gr,

b:z:
3 b 3 3 282
Integration by parts 3 times: /:B eldr = 7 (b z° —3b°x” + 6bx — 6).

b= -—-2—, 'Hospital’s Rule
ag
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St
The “Garbage Project” at the University of Arizona reports
that the amount of paper discarded by households per week is
normally distributed with mean 9.4 1b and standard deviation
4.2 Ib. What percentage of households throw out at least 10 1b
of paper a week?
fX 2 /'[9 I3
P i ey, -
PRl =
s12m
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Twiek (\3\7@%*\'0‘/\
For any normal distribution, find the probability that the ran-
dom variable lies within two standard deviations of the mean.
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The demand function for a commodity is given by
p = 2000 — 0.1x*— 0.01x>

Find the consumer surplus when the sales level is 100.

10p
: g Qpcx)-—P) 8%

o

2
. = 2000 —0.1(%0) = 0.01[100)

P:WDIO
v v \
- gclooova,h«omx JHMNJ\&
. Too .
) g 110 —9.1% ~0.01¥
(V]

v F b,

8.

Find the centroid of the region bounded by y= %—_x, y= J;

If the region R lies between two curves
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An aquarium 5 ft long, 2 ft wide, and 3 ft deep is full of
water. Find (a) the hydrostatic pressure on the bottom of the
aquarium, (b) the hydrostatic force on the bottom, and (c) the
hydrostatic force on one end of the aquarium.
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centroid of the region b

x=0, x=m/4
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by the given curves. Find

e area of the region
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An extremely stiff spring is 12 inches long, and a force of 2,000 pounds
extends it 1/2 inch. How many foot-pounds of work would be done in

stretching it to 18 inches?

J&w: Q%
)
Zoco = K1 Z)
2000 = ﬂk K =too0
2
Fm:mx
) o Py N ‘
QU £ uom Min 19001 6 coordinale.
‘ [
] “UM Az 200X gy
Q ]

ﬁr]f;ﬁz\é}/ar;;?;a;fi pq;.npdf ﬂaié initially is filled with 10 pounds of paint

ed eritisfilled, it is pulled up at a steady rate to the to‘ of

g ft:u;ld.lng 30 fegt high. While being pulled, the paint leaks out throsgh

; ole in the pall at a steady rate so that by the time it reaches the top,
/5 of thg paint has leaked out. How many foot-pounds of work were

done pulling the pail to the top of the building?

@ —5b

El
|

(

1

T

1\

[«

— |

R TR WAM{; £ pound
MY - weight ds hetht b

Wiy = 1L wehy) = 12~ _VL

Widg) > 1 S



work 30(,11..h N hh“ML %
Tﬁ-)w\ g 5 |7 W0 By

° 9

Wonht ts fa ntwhog G Pooigs = T‘ov\D\

A heavy-duty rubber firehose hanging over the side of a building is 50
feet long and weighs 2 Ib./foot. How much work is done winding it up
on a windlass on the top of the building?
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Two point-particles having respective masses m, and m, are at d units ﬁ(}}f\

distance. How much work is required to move them n times as far apart

(i.e., to distance nd)? What is the work to move them infinitely far
apart?
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the concentration of the drugis C, (measured in mg/mL) after the m_]ectl 100 t :
day. Before the injection the next day, only 30% of the drug remams in the bloodstream
and thé daily dose raises the concentration by 0.2 mg/mL i

(a) Find the concentration after three days |

(b) What is the concentration after the nth dose"
(c) What is the limiting concentration?
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E] Theorem If the series >, a, is convergent, then lim a, = 0.
e

n=1

§ how

=
4
-

Test for Divergence If lim a, does not exist or if lim a, # 0, then the
= fraees

B

series >, a, is divergent.

n=1

”\ — ’H’, hﬂ 6, =0 = Fhen we comnod conglude, yet it (onyevye, or diverye.
h— A

LUZHUL ULV R,

Theorem If X a, and ¥ b, are convergent series, then so are the series = ca,
(where c is a constant), = (a, + b,), and = (a, — b,), and
i) X ca,=c a,
n=1 n=1
(i) X (an+b) =2 a+ X b,
n=1 n=1 n=1

(iii) i (@, — by) = i a, — i b,
n=1 n=1 n=1
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Note

In the Integral Test, it is not
atn=1.
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Example
o < Inn
Convergent/Divergent? D) S
n=1
The function f(x) = (in X/x s positive and continuous for x > 1 because the logarithm function is continuous,
But t is not obvious whether or not f is decreasing, so we compute its derivative:
) = (1/x)x — In x _ i =T
e e
B /(1) <Owhenlnx>1 or whenx> e B fis decreasing
et
So we can apply the Integral Test: J’ln—xdx — iftm J" )l
LY —ei x a0
(n1)? The integral and so the series are
hes divergent.
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Suppose we find an approximation to the sum s of the series, how gooc

s such an approximation?
0 find out, we need to estimate the size of the remainder

the error made
o Y iy ey Bt g 1 e A AL
By =5 — 53 = Gne1 + Auiz + Gpas + -+

Assuming that f is decreasing on [n, o)
Re=api +apnt+ o < [Tf @) v

’?Example

(a) Approximate the sum of the series =1/n
10 terms. EstiLnate the error involved i

(b) How many terms are re
within 0.00057?

* by using the sum of the first
n this approximation.

quired to ensure that the sum is accurate to




Example

(b) Accuracy to within 0.0005 means that we have to find a value of n
such that Rn < 0.0005. Since

X3 2n?
=~ < 0.0005
. 1
n*>——=1000 or n> 41000 = 316

0.001

We need 32 terms to ensure accuracy to within 0.0005.

lower and upper bounds for a series

s,,+J:l fdxss<s,+ j:f(x)dx

Example

With n = 10, estimate the sum of the series i 4
amt

Example

With n = 10, estimate the sum of the series

n
ocl 001
s10+jkl?dx<sssm+j (i

10 X
From the previous example: r de AL
[ 57 2n®
So
B0 Ar Frrer S8 =S80
2(11) 2(10)?

Using s, = 1.197532, we get [ 201664 < s < 1.202532

If we approximate s by the midpoint of this interval, then the error 2 o3 i :
is at most half the length of the interval. So ) —=1.2021 with error < 0.0005
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Example

This series is alternating = Clron

But

so condition (ii) is not satisfied. Instead, we look at the limit of the nth

-1 4n—1

lim b, = lim
n—o n—o4n — 1 > 1

n

term of the series:

This limit does not exist, so the series diverges by the Test for

Divergence.

e (EL)i8n
lim ———

lim a,=
n—>o g n—x 4n — 1
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oo 0t \‘\L
E - 2

h
n=1

1
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3
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e
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Example

Convergence/Divergence? i(*l)“"

The given series is alternatin;

Considering f(x) = x¥(x* + 1), - 7(e3) =

9 Xis positive» f(x)<0if2-x3<0 ‘ fis decreasing on the interval (7.«
» f(n + 1) < f(n) and therefore b,,, < b, when n > 2.

Condition (ii) is readily verified:

, 7 n*
lim b, = lim ——=
i Ao +

Thus the given series is convergent by the Alternating Series Test.
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Strategy for testing series

1. If the series is of the form = 1/n?, it is a p-series, which we know to be conver-

gent if p > 1 and divergentif p < 1.
2. If the series has the form = ar"~" or 2 ar", it is a geometric series, which con-
verges if | 7| < 1 and diverges if | 7| = 1. Some preliminary algebraic manipula-

tion may be required to bring the series into this form.
If the series has a form that is similar to a p-series or a geometric series, then

33
one of the comparison tests should be considered. In particular, if a, is a rational
function or an algebraic function of n (involving roots of polynomials), then the

series should be cdmpared with a p-series.
The comparison tests apply only to series With positive terms, but if 2 a,
has some negative terms, then we can apply the Comparison Test to 2| a, and

test for absolute convergence.

Strategy for testing series
# 0, then the Test for Divergence

If you can see at a glance that lim,—« dn

should be used.

5. If the series is of the form = (— 1)"'byor 2 (—1)"by, then the Alternating Series
Test is an obvious possibility.

6. Series that involve factorials or other products (including a constant raised to the
nth power) are often conveniently tested using the Ratio Test. Bear in mind that
| @pi1/an|—> 1 as n — o for all p-series and therefore all rational or algebraic
functions of n. Thus the Ratio Test should not be used for such series.

7. Ifa, is of the form (b,)", then the Root Test may be useful.

8. Ifa, = f(n), where [ f(x) dx is easily evaluated, then the Integral Test is effec-
tive (assuming the hypotheses of this test are satisfied).
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Theorem
> elx — a)",

For a given power series there are only three possibilities:
n=0

(i) The series converges only when x = a.
(ii) The series converges for all x.

(iii) There is a positive number R
and diverges if |x - a|> R,

such that the series convergesif {x-a|<R

°

radius of convergence of the power series

By convention, the radius of convergence is R = 0 in case (i) and R = o in case (ii).

Interval of convergence
The interval of convergence of a power series is the interval that

consists of all values of x for which the series converges.
In case (i) the interval consists of just a single point a.

In case (ii) the interval is (- oo, o).

In case (iii) note that the inequality |x - a| <R can be rewritten as a - R
<Xx<a+R. When xis an endpoint of the interval, anything can
happen—the series might converge at one or both endpoints or it

might diverge at both endpoints.
Thus in case (iii) there are four possibilities for the interval of
convergence: @—Ra+R (a—Ra+ Rl [@a-Ra+R [a—-Ra+R)

convergence for [x—a| <R
—

a—R a a+R

e divergence for |x—a|>R ———+
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'heorem says that the radius of convergence remains the
wer series is differentiated or integrated, this does not
interval of convergence remains the same. It may
original series converges at an endpoint, whereas the
series diverges there.

series by differentiating

I Series re

'€presentation for In(1

*+x) and its radius of

presentation for In(1 - X) and it

this function is 1/(1 + X). From
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Example

Find the Maclaurin series of the function f(x) =

€*and its radius of
convergence.

If f(x) = e* then i (")(x) = ¢* so f(")(O)

Maclaurin series

=e’=1foralln

@ (n)O @ n 74 3
PRAOBRC o e

< P = n!=1+1!+_‘+—'+..
i Qni SAAN n! [ x|
a,,—x"/n!.- =L 0=
a, (n+ 1) o n+1 s

by the Ratio Test, the series converges for all x and the radius of convergenceis R = oo

So if ¥ has a power series expansion at 0, then i i o

a=o n!

stances is a function equal to the sum of its Taylor series? In
s derivatives of al| orders, when is it true that

Under what circum
other words, if fha

- (),
1@ =5 L0 gy

°

, this means that f(x) is the limit of the sequence of
case of the Taylor series, the partial sums are

As with any convergent series
partial sums. In the

n (i),
Ty(x) = %fi—!(a)(x - a)

| | (0]
=f(a) +%(x—a) +f2—(!a)(x—a)’+---+fT§a)(x_a)ﬂ

Notice that T, is a

polynomial of degree n called the nth-degree Taylor polynomial
of fata.
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Example

Prove that e* is equal to the sum of its Maclaurin series.

If d is any positive number and | X l = d,

Squeeze Theorem
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€Nt 7(x) = sin x as the sum of its Taylor series centere










