






E Calculate the area under fex =
cos x interval x = 10 , 6]

* Riefann (un

Program to calculate

area under curve

for python with n = 1

losc for 6=, n = 1 -> HWS

trea= 1xi

=
&

I

·
*= (f) ++ ) + + (E) + +E)]

= (1 + 1 - 0
. 222) + ( - 0

. 9) + 10 . 123)]

=
0 .

0993

X



HW * 1

7 force versus Displacement graph

M

Force (N) = Work done = J or NM

Displacement (m3

2. Voltage versus current graph
1

Currential = Energy = was
.

7

Voltage (v)

los for 6=, n = 1 -> HW3

trea= 1xi

Ax =
=

- 0

-

2

- I
X

, & X Xr

I

·
*=+ + +E) + + (E) + +(2) v

hid point

= (10s (0) + 2001(z) + 220s(*) + ((0)(f) + (()]

= (1 + 1
.

047 + 2 + 0
. 715 + 0] = 0

. 987



Difference between integral and Anti derivative

integral-wwwesin

antiderivative - Wisboswsisweisen

Riemann Suns .

urules i=
Aletoa ↳

6

i
2

= n (n + e) (2n + 1)

Y = V + i1X is = (mm]2

Parbox Integral Supremum = least upperbound
# Infremue = greatest lowerband

Given f = (0 , 1]
- R

-
o 1111111

Inin

rectangle don't required to havecune size

Mi
, N

*

Mimiv Minesd)v()
I

· MisN = INf(f(x)
#

F If V = 2 Then J fax x =: V= L



E fex = x = 6X, in the range (0
,
3] for n = 6

1x =

20 = 1 Theorem

di /fixdx=in fbu bh
Yve where 1x =In= a + is X

x Bj= + (i))x
Right and point

i = I

= f(0 . 578x + f(1 . 0(AX + f(E)OX + +(2) AX + fLEJA

=
= 3

.

4375

1

Evaluate interal/ox) an

-X==
useful sum rules :

int
:(



Use the midpoint rule x Midpoint Rule
↓Fax n = 5 1

f

/
s

Dx =

2= EAren:)
midpoint

8

x =E = Ex = Exp =5y=
-v -v

1
. 1 1 . 3 1. 5 1

.

7 1 . 1

: it + ) e An

Evaluate using midpoint rule /Ex-ox1 x o + 3
O

Ax =

10 = 2n Fi = El

:
↑= =X = + = 1

Xi= n=

: (in)n -
= (i) ~In

- (n)" - 6()
Li



Calculate) + 3x2) ax using Definite integrals -]
Im/In a

m-

Is the function integrate based on upper and lower Reimann Sun ?
Finals or Midterm

M

Properties of Definity interval
colcolbe in fromum - supre

and see if
converge or not

.



The function fixs = f for OCX) and texl = 0 for =

is integratable or not for interval 20.1) .

*

for a function to be Riemann integrace
,
&the upper and lower soms must

converge to the same number ?

Fundamental Theorem of Calculus

If f is continuous on (a , 6] then

xax = f(6)-faml

Er
:

- 2

= =-

-r =

- E



find the area under core coscx) in Co
, 6) ,

where 06 :
E

*

/ coses ax

G

= sin(x)/6
O

= sin) 6) -sin(0) = 1 -0 : 1

= sin6

Indefinite Integral

+ C

= Slop-ase's dy

= /loxt - 2) sec an

: 10 . X - 2 tan x

- 2x5 -stanx = 2(X
*
-tenx)+



: J no
·

v = sid' dv = line · Lose do

do:
2 sing- Lost

= Jerino
N = sin O

=

)
:E)

=

=) do -

E + 1
1

-) z
-t

]

= (*) :T



/x-isint a

= (x- 12/sinx ax

: E-12-cost
= E + 12 cosX

- (In + icosus] - (12) = 72 + 126242) -

12

Six-xx)ax

-
: E - 2) - (0)

: -2



I
- c ++ - (E)

= 2 + + 2 + +
=

(+ + f) - (2 + z + 1] =

36
. 17 = 3

.
15 = 32

. 481



Integral

The integral of a rate of change is the net change

(f(x)dx = F(6) - f(u)

d

Ex: UCt) : rate of the input flow at time +.

rcts : amount of water and
How

(C) = the reaction rate at time +

Ich : the concentration at time +-

x (7) = Position

rots = x'it) : velocity

displacement = (ucts at = A
,

- Az + A

Distance : (tits lat = A + Au + +
+

-



n(i= + - xa +

· I - E -H = ( - E - -] - (5 - 2 - 1)
: -
*

6
.

find distance

rat) = + 2 - + - 6 = (f - 3) ( + + 2) -
Oc = 0 on (1

, 3)

↓ ct) -0 on (3
, %]

-

>Sirctelet
= )- vet)a + + (m+ = a +

: ja-H+++ at + /"( + - + - 24

1 DIY

Ans = G = 10 . 171



unit of measurement for an integral.

/"fexs dx = Product of unit for dx and unit for Ex o



an
V = 1 + x du = 2xdx

dx=
=(

=If nu

=
/x cos (x+ 2) dx

v = xi + 2 dr = 4x)ax

1x = 10

4x3

= (CoS0 ·

&

== (2010
-

ar

C

-- -sinu
= Jin (x

+ 2) *



je ay

nv = 2dx
= v = 2x + 1

dx =
du

Z

-( .

: [Env

E
~ Let

o
-1 +1

v = 1 - ex av
=
0xax

ax=
v

- 8x -
:)

: -5)
: Y)v
- =

=-1.
S



(los5Xax
*

(T+x 2 x ax

2
=

v = 5x do = 5 dx ~ Fxz av=++x
ax= v2

= 1 + x2v=
x

Scrsu (v2- 16=2x24
=

102-1)2X
* X

=I - sinv + C
ax = dr.x2
-

: Losin5x + -a
X

=

~X.
= Juxav.

: Ju = +du

= Jo2 . 10 :- 13 du

=

Jr". (1vE( + 11] ar

=

(v - 2ni+ v2a

=



·
↓

jExin Hund
way
+

Y

I

v = 3 - 5X av =
- 5dX

dx=

·

-
F
-Fit
: (s) - [ses]
: -iTE-2] : in

*



Integral of symmetric function

Integration by parts

Sav = uo-JU . do Since ax

e) Xsinx ax
v = (n(x)dv = E ax

v = X du = dX
nV = d) v = X

& v = sin xdx V =
- CosX

x(nix) - (Exx
: - Xcosx-/-cosx ax

X(n(x) - x + 1

*
-

xcosx + Sinx + C

*

Stet at

v = +
z

do = 2 + d +

Ans = fet-2e ++ Let + <

dr = e
+

a + v = et #

· fiet-fet . If at

↓
= (2+. et - 2) et d+)

v = 2+ do = 2d +

dr = et at v = et = - ((+ e
+

- zet]



litt ar

"
b

Jeai x

= dv = - Cos(x-2x - sinx

=
av = seax dx v = tanx ->in

--

-li sin"x = 1- los2X

↳ let Fix I
= -Li

I: It ↓
Integrate (x *

↓



= /Secdx
↓

multiply conjugate

·

(sex (tun
I+Sect

tanis

↓

v = secX + fanx du = seXtanx + sea
dx

=tanx - see
:

(sec

tanfaux + seay

=

) -10 : Ince + tanx) ·

final : 1: - 1 + In (ex + faux

Itsin+
Inext tunea

I = <( + Inetax)
#



(los (Incx1)dx
v = cos(Incx)) du = - sincl). I x
dv = dx v = X

= xcoscincess - (-sinclus ·

Lax
= Xcos(Incx) + (sin (lncxs) ax

↓

v = sinclus do = coscIncis · I an

du = dy veX

↓ Sinclax) -)XE cosiness ax

↓ sincluis-(cos(Incx) dy

let I = Scoscluclay

I = X 10 (Incx1) + IsincIux) - I

2 I : X coscInexs + X sincluxs)

I = z(X (os Klacx) + ↓sinclux)) + C

#



Selves dy

v = Incx) dr = Eax

au = dyv=
= zinc-

↓

I x
- -)xEax

-(
= Exn()-

(xIncxsde
v = Incxsau = 2 Ins - fax

dv = Xdy v=
Inc-)



:x2-(x (nex) ax

↓
v = Ins du = E ax

du = XdX V=
-Ex -

(ax
- [inc-E)xax
-

(Incx)- ) + m

= Inc-+
Substitution

"
v=+ Xav = 2x + x)-2 . ax

ax = 2x du

:/· 20 dr

(F =

c))



:

2/1 - (i
= 2(X- In1v+ ) 1)

= <A - 2Incu + 11 +

Y
=

LTx - (InIT + 11 +
X

Set sinx at

=
vieX dr = e

*
x

dv = sinx dx v = - LoSX

= - efcosx-)-cosx et de

= -ecosx + /losxeX du

↓
v = ex dr = e

+ dx

dr = cos X v : Sinx

= c"sinx-Jinxe
*

1x

I= cosX + 2 sinx -E

2 I = -

c
*

cost + exsinx

I =

& (- co + etsinx)
*



Fantas
I

v = fant drex ax
dv = dX V = X

= Fan * - (ax
↓

V = 1 + x dv = 2xdx

1x = du

-
2x

=

z(n(1 + x2)

- Ince+



/60sxax
=Scosix · cost dy

↓ -second
way

a
in

=

/C1-sinix) . Cost do du = cosX dy

v = 1-sin2x dv = -2 csinx) · Lost dy
dx=

- (1-2) ·

co
- sinxe-sin2x)-(sinx . -Isinx cost

= /1 -v2 au

=

since-sinx)-J- 2 sin'x cost

av = lostax " = sinx

7 = sinx-Esinx+ <

↓ =

- In
1-2 (2-10sX) Lox

-2/cosx - (203X
= Sinxc1-sinx) + 2 (sinx - 1)

I = < inx(1-sinix) + Loinx- 21

=sinx(e-sinix) + siny

~

I (sinxce-sin2x) + 2cinx) #

=

I (sinx-sinBx + 2 sinx) = &(scinx-sin)



* /sin
*

x cos dy

/Cinx) ? Los'x sinx do

: /(1-2012x12 Cox sinx di

let v =
cosX dr = -sinx at

ax

=
= (C1-v2 ? v2A

- 1)(v2-av+ 1) - v2

: - 1)v' - 2
+

+ vz =
- (f - 2 + 1)+ 1

--(
le1

Odd powers of since or cosine allows us to :

1) separate a single factor.

2) Convert the remaining even power.

Ex Micro /sinEx cosix at

↓
as sinx don we it factor de vie

= (pinix) cosex · sinx ax
*

11

.HoweverIntegrand contains even powers of both sine and cocine
,

thes

strategy then fails.

Solution : use half-angle identifies -> sin"x = EC1-cos2X) ,
losx = & (1+ cos2X)



/"sin'x x by even power
- so use half-angle identities.

=-cosx
d

: - cos d

↓

V = 2x du = 2 dx

dX =
du

z

-los ·

-co
: E/r-sinu)
= (2x - sin2x1)
↓ (((H)-sin2i] - (2002 - since]

: ((6.77) - 2017 : = (6 . 17) : 24
*



Scint de

= Jeinixsax = sin' = -( -(rs2X)

= ) (El-1012x))"ax
: ) [ ) "a

· ((- ))- (- )(t
-* )

ax
:f) 1-21012X + cos2Xn

V = zX du = 2dx

dx = du

I

: )1 - Clos + 100 :

dr
·

5)1- > 200 + LovdV = (cos do

Slos2x an

·

E(v-2sinv + Ev + -sinzu])[( + 1012X)
v = 2x du = zdx

dy = nu

E
: t(2x- 2 sin2x + X + Esinex)")E+ =

/COSV -

Nu

= EX + E(sin2x) : E sinzx

= E(3x + &Sinex - 2 sin 2x]
*



&le* 2 -> Continued from rule * 1.

Jinx cosix dx
,

Where My 0 and he O are integers.

a) If the power
of cosine is odd (n = 2 K + 1)

,
save one cosine factor and

use cos"x = 1-sin'x to express the remain factors interm of since.

# /sinx cos
** )

Xax = /Sin ex (cosx)" cosx dx

= (sin *

x(1-sin2x)
"

Los X dx

then sub-v = sinX-

6) If the power of sine is odd (M = (K + 1) , save one sine factor and use .

sin'x = 1-10s2X to express the remaining factors in term of cosine :

Join <K+ 1
+ cos"ax : /(sinx)"cos"x sinx dx

· Sce-cosx) " coshy sinx dy

then sub-> V = Los X

28 If both even then use double angle-Identities .



*
Stanxsee"x ax

1

. If the power of secunt is even

(ax) fanx = secx
,

so

↑
1) seex can be factor

2) the remaining (even) power of sec can be converted to an

expression involving fangent using secx = 1 + fan2X

or (4) sex = sextant
,

so ! If the power
of tangent is odd.

↑

1) a secXtaux factor can be separated and

2) the remaining ceven) power of tangent can be convert to secont.

E

Stand sectx ax

Sttun'x)(sec2x) (seix) dx

: (Candx) (1 + fanx) (Secxs ax

v = tanx dv = seex ax

ax =
Sea' X

- Jers (e + 12) - self
: Ju + v8dr =+c =



# (fun to sec to do

) tanto sec't (sec tunt)

:

(Hun2o)"see' (Sec fund) do

) (scio-1) (12) "o) (sect func) de

V = sect do = secotune do

at=tant

· )(02-132 (v) · Eetunt = &

secotun f-
= (Crie" (oil do

: S("-202 + 1) CVC do

:

)r"-2v8 +1dr
·Lecol"-"

*

Full definition



Two useful formulas :

Stan xdx : In Kecx) + (

JsccXax = In/sex + tanx) +

Ex. (tansy dx

: Stanx- tanx ax

: /Six-11 tanx as

= Stanxex- tanx ax

: Stanx sec* )tanx ax

↓
U = funx

du = seex dy

dx=
= Ju .

se
=

So du

(Tanx = In 1sex 1 +

= -
= Itune 2

- Luke 1 + <



Ex. 2

Ssee'x dx

: /seex-seex ax

v = seeX dv = secyfanx

dv = seex v = fanx

- sectaux-)faux see tanx ex

↓
- Jseax tunkx ax

-

Jsex (seex - 1) ex

-/secix-seex dx

I = secrtanx-[I-Jsex]

1 = sextanx - 1 + Inse + fanx/

2 I = secX fanx + /sec + fanx /

I = & (setanx + In/sex + tanx 1)



+
for (a) /Since cont do

,
(6) / sin ma sin nxdx , (c))cosex cosux dx,

We can use.

( . ) SinA Cos8 : E(sinCA-8) + sin (A + BS]

(6) SinASin8 : /[cos(A-8) - los (A + B)]
(C) CosAcost = -(cOS(A - 8) + Cos (A +B)]

Evaluate
(sin ex cos 50 dx

= (t (sin(ex - 5x) + sin(2x + 5x)]

· (t (sin(- x) + sin(ax]

·

E))-sinxet) sincus de (
·

E( + 10sx - Ecos(x) + C

*



EligSub

Expression Substitution Identify

#2 V = using , -E ** 1-sin-t = cost

#x X = a tang , -E < It tan't = seco

#a2 X = as
, OECEorEO< <10-1 : fant

I a

X = 3 sing dx = 3 cost do

- 9-esin2 = sin) = So : scost

=scose
.

3cosOdE( 9 sin E =
↓

-
·

/L do = do=Jlot d Trig Identity is

↓ 181101

Cut - = (S(28 - 1

=((C228- 1) do -> Integrate of C2*

=
- cott - # + ( -> Remember

I



v

as sint = X

5

3

X

O
-x-

u+ x== 32

a
2

= 32 2
lot = Ti

↑

a = -x

tano
=

Thus cot=

:-sin()
Er x

X = 2 tano dx = 2 see do

Titans+ +=tano+:tur + 1) : Seco
= 2 seco

·

EscedoT~ Joaoeco

↓



o

)
·

1)

V = Sinc dv = Lost do

/
Ev

= ( + u
+ [

:

&int

-Fina+

as X = 2 fan O

fun o=

·
sinc:+

·

it):



↳ conX3

()) (*x+ 9)

= X3 x Etund assert do

+1) (*+ 4) ax
↓

(2)2
sod back to old equation

Use a tano

let x = Etano/x = 3 60 do

·tity=+=+) = Vict = seco

*x+ 9 = (Etuno)" + 1 = Rettunio) + 1 = Stanto + y = 9 (tano + 1)

3
= 9 sect

Est -

A

sinG d :

vco

-#) ↓

V = cost du = -sing do

:

int n side t
↓



)

-11)
- - 1)

+10tano = 2x

5

a 2

-it
O

3

lost=th

·
· ]

·
↓



calculate definite integral to get

When to use trigonometric substitution !I

Use when we have (x + az
*

in an integral
,

where his any integer.

The same is true When we have ca2-X)
*

or (x2-ac)

Quite tricky . *
· Je 7

complete the square

: - x - 2x + 3 = x+ 2x - 3 -
x2 + 2x + (E) = 3 +

let v = X + 7

x2 + 2x + 1 = 3 + 1 I V = I Sinc dr = < cost do

Y+ 2x + 1 = & = Fin

- ((x + 12- e =] -Fursing
-

- (v + 17 +& -sinf) = Fit
= 2 LOSE



=

ji2

= Susint--

= Jusino-1
= - 2COSO -OtC

·-sin(E)
zx-x2 - sin-()) + c

=



Integration of Rational Functions

f(x)= ->

En a proper rational function
,

the deg(P) is smaller than deg C

If f is in proper (deg(P) > dey (Q)) ,
then we must first divide & into P

Ex .
-> fix: = S+

E. (ax

x-
X - y

X + x

X
- x

2x

2x
- 2

2

= (x + x + 2 +-

·+ + 2x + 2 Inix-



But we may not always face with simple

denominators!!!

↓1
=Whereno

factor is repeated or is a constant elteset

Q (x) = Caye + b)(2x + (2) ... (a)+ + (k)

*

J
d

(x + 3x2 - 2x = X (2x'+ 3x - 2) = X(2x - 2)(x + 2)

:+2X -1· S
X (2x -1) (+ 1)

C-1) (x + 2)

x
2

+ 2x - 1 = A(2x - 1)(x+ 2) + 8(x)(X + 2) + ((x)(2x -7)

· +x- 2)++2 + x(x) - (x

* (2A + 0 + 21) + X (SA + 28 - 1) - ZA

- LA = -
1

A = 2



> A + 28 - t = 2 1 -

E
2A + 8 + x) = 1

2/28 - c = El
8.+ 22 = 0

48 - 21 = 1 1 = - 1

8 + 21 = 1 I 18

50 = 1

B = 1

· (i+ ) x

= z(ix) + f(n(2x - 1) - 1m(x + 2) + k

E2· find)an
·Lien):sus]

Nas-a)

1 = Acx-a) + B(X + u)

X = a 1 = 200

B
=-

x = - A = ->
= (in(n) + in (E)



=

in- ii)

: (Inix-ul-(nex+ al) +
↓

/ + 1

LeI suppose we have the factor casotb) being times .

Then we use .

+
Ex

#
X + 1

x - x - x +1/0- 2x + xx + 1

Xi - x - x + x

*
4x + 1

·

(x ++x + 1

↓



x+= x(x- 1 - (x- 1) = x - x(x - 1)

=] x- 7

↓

= (x+ 1)(X- 1)

= x - x + x - 1

A +C = 0
c =

- A
- x2- 1

8 - 2 = 4

- A + 0 +1 = 0

P-21 = + 2 - 2 = 4

8 + 21
= 0

- 2 = 2

28
I Ic = - 1 A = 1

- (M + ++ ]ax

+ X + In-
*



↓use3 If the QCx) has the factor axx + 2
,

where -Morso
,

then a tere of this form also will appear.

T

Useful Forera : ( = arctan() +

Et find
↓

·e
2x x + 4 = Acx + +) + (Ox + c)(x)

= Ax + &A + 0x+ (x

= x
*

(A + b) + (x + PA

( = - 1 ,
A = 7

, B = 1
A + 8 = 2

·(
= mix + 1

↓



-Er
↓

V = X + ddv = 2xdx

·

I . Ex
= z(n(x + 1-(

=In (x) + Eln(i + a) - Etant (E) +

1

↑x
=

- 3x + 2

Erm-ex +

!
Degree not less than

,
thus can divide

1

= +x 2 4x + 34x - 3x + 2

4x - 4x + 3

X - 1

1 + 1
4x2 +x + 3

Since
shGiv = 28-2 du = (1x-dx = d

Introdu



= (i+in
V = 2x - 1 #= VEX

=

X) -> ouisn Niss de sin du

: x +) -
-x +

4)
x +E() -) Ez

↓
V = v = + 2

dV = zu du

du=

:.
: v + z([In(u2 + 2) - 7 · tan)

= x + fm(v + 2) -- Etan()+
2x -1



Case : If the denominators contains (ax" + (x + 1) "
,

where 62-ac 10 ,
then the partial fraction decomposition contains.

#A-
form of partial fraction decomposition of

X + x + 1

X (x- 1)(X+ X + 1)(Xi + 1)3

·
Example

(x4+ 152x2+ 1s

Je-XE- dX
X
*

+ x*+ x'+ 1

T
2

I
=

1 -x + (x* x" = A(x
*

+ 12+ Bx + C (N)(X+ x)) + (0x + E)(X)

=A++x+x++ Ex
1 + 8 = 0

· x(A + b) + (X" + X((A + b + 0) + (E + 1)x + A

A = 1, 0 = - 1
, c = - 1

,
0 = 1

,
E = 0



-

/- ) an

= In (x) - 1n( + 1) -tan

-

E.

· x

F
v2- 4 = X

= Jav
= Partial Fraction Settin

can only be use if degree in

dr= / numerator less than denominator.

dx = duz PCV
= PCD <QCX.

Q(A)

= <)Fu -2)·

v = A(v -2) + B(V + 2)

V = 2

4 = 20 = 1)v
= -

2
↓



=)z

z
= z((n(u -2) - In (v +2)]

=

(Inl)
X

= 2 In + wi

New ways

~

↳
v2-4

&

:

2)1 + F

= ((e + ) Fr
↓

↓ x+ 2

2( +1)
v

· [r + (, -2)

-> P = A c - 2 + p( + 2)

5 = A =
- 1

↓



· (it In
=

In1v-21- In1v + 2)

-(v + In)
=

zv + 2 In/) +

= cr +In +
Useful tricks !!!

-(



Integration Strategy

#p 1 : Simplify the integrand.

((+ (ax = (((x + x)dx

Step 2 : look for substitution

Step 3 : Classify buse on the form .

/



Step ↑ :

E. Sta :

-
· : fr - - (u

-

:in ·
:

(inv
in

t

Itkin - six-six
v = COSX sindya

·

( sin



E. Jef ax Ia(
v
==n = Ex

- Env -X-100
v" = X

dv
=Fax xT- 3xt= 10X3

3x4 + 10x - 0

ax = 2 dy
3x0 - 943 - 30x2

: Jer . zu du 19y3 + 30x
= 0

79x3 - 57x - 198+ 1

: /verdr =

( x + 3x + 14 +(-+ 190X + 1

87x2 + 140+ 1

by part
Ichange

toSetit
dr = e

+ dx v = ex
( - 5)(X + 2)

-XeX-Jetax
= Xet-eX = 87x"+ 190X + 1 = A(X -5)(x + 2) + Bx(x+ 2) + ((x -5)x

= 2(ve-ev] :-10)+++
=x2 (A+ B + c) + X(- > A + 28 - 5() - 10A

:

<(Ner - er]
- 107 = 1

I
A + p + c = 87)

=2ke
*

- ze + A = -
+ A + 20 - 5 = 1

8 + c=
28 - 52 =

1897
8:,
↓



Ex (x + 3x +1+
and find the integration

v = /nx do = fax and Integrate to set answers

dx = Xdu /

E.

(
kav ↓ *

· at

-)v-E do

·
= 2 Mx

+

1 ( n

↓ don't forget dx

X = sint & X = cos de

Find 100 df

x
: ) To v = 1-x dr = - 2Xdx

↓ x=
=

In at

- Ex
0 : sin-X

-)
-F

= sinx -Fr
+



-

How to integrateJ'etax' x

Cannot Integrate-
-



Approximates integral)" ( E ) x based on cal Trapezoidal

(1) : midpoint rule n = 5
.

Ax =

2 =
= to (f() + ( f(1 . 1) + 2 f() . 2) + 2 + ( . 3) + 2 f (1) + 2 f( .5) + 2821

.
6)

+ 2 f(1
. 7) + 2 f(1 .

8) + 2 +(1 . 9) + f(2)]

(1++



Error bounds

(E + /<kIaand)E)-kbl
24n2

LET]



ex
To To

·( ++ (i) +
+ (i) +

+ (E) + + (ii)



Simpson Rule for approximation

=

E
= ( +(

I

En= Tn + EMm

:



Errorbound for simpson K = If A > / * K for =x = 6

IEs1





=
Ax =

1

= [fost() +2 + (5) + + +(i) + 2 f() + - + (i) + 2 f() + + +6)
+ If() + Pf() + f(1)]

= 1
. 462609

Errorbound
= f

*
As = (12 + +0x" + 1x5ex(

0 [x]
,

0 Sfa()) (12 + 48 + 2)2 = 76

= 0 . 600227



Mathematica -> might be on final

-



In proper Integrals - Infinite intervals

(reze



Is this integral converge

/Pax =in
:le la,

: lim lucts-Ince)
+-x

: lim Inst = **
- Vivergent.

+ -
x



evaluate tea evaluate1e do

itretax +
t

v = X av = dx

Ur = eXax v = ex

· fant (x))o + turies !
H

· xetSetar = -fanct)

F lim
: t-fun(f)tim-far-o-> in

-
(-)

= eco - 1) - etct - 1)
: o + =

E - 0

=
- 1 - fet + et

=

E + E = π

lim :

-I converse ↓
+- - X

Converge -

Note : Arctur(x) =



for what values of p is the integral converge

a convergent - limit existto

is to a

To a



Er FindI
-

discontinuous at 2

in

jsXdx diverge or converge

O

discont at
I

t

=jeax
=
lim In ex +Hunx1] !

t- (E) -



if possible

·
↓iel,

: lin (Inlt-11-In)-11)=lid m 11-H=
+ - 7 - #

Diverge also imply

thats



! 'Inxax
discontinue ato v = (nx10 = 14x

- du = dX V = X

lim("inx - X(nx -X + c

:evax
:lim (Inx-n)-(t-

=lim(-1-Auct]
= lim-Hult)-1 ++ = about -

It - ot

↓

use l'Hupital's Rule-

I

parisonThere
°* x is divergent so it is also

divergent
.

- Loriginal)



Fri Mar 15

Area between curve

A=lim (f(x) -y
*]

A

=/"(foxs-g(x]
de

.

I



y = x
, y = zx - x2

=

set di side now for x

it: x
=

= 2x- x2

=

2x2 IX

[I

x X

x2x = 0

X(X - 7) = 0

x = 1
,

8

Intersection Point = 10, 0) and (1
,

1) .

/Ex-x -x = /" - xx+ 2x a

=

c) ix-s dr

:E-



and then find the approximate area.

+[x] an

·
= = 0 .

78



-

↑

1 - "
-> Area = difference between distance of

the car after 16 second

0 to 16 thange to ff/s first

· Ax=

:(a - Vp) et = <() (2) + (o) + (er) + (e)

· ↑ ((11) + (23) +124) + (30.8)]
* Imi/n
:

E 367
.

2



What if f(xs1y(X) for some X-
but gox I fexs for other X.

sinx = cosX att

·
los-sinx art ( Einx-cosx do

#

· kinx + 10sx]* + C-cosx-sinx)
#

calculate = 25 -

2



* Not that clear

Thus
,

in this case for lower left function

↓



find point of intersection between

Y = X- 1 and ye = zx + h
T Y

I +s

=

= x -7
y = X- 1

2 x + 1 = x2 2x + 1

x - 4x - 5

= (x - 5)(x+ 1)

= X = 5) - 1

point of intersection
for x = 5 y = c = [5 , 9)

Tfor x = -1 y =
-

2 1 - 1
,

- 2)

y2 = zX+ 6 y = X - 1

↓ ↓

solve parabola equation solve for X

x =

y + 7 ->

[y
+ 1 * * A

Yaris
point X== 3-X

A =(Exa - xz)dy =/Y - (Ex - 1) My
-2

yaxipoint-x ty +e) dy)+
= (((t) + 0 + 1) - (3 + 2 - 8) =

1



Volumes
-

&

v=lin Ai*=A
12+ y

=
= R2

F

i
A = my2 = π(x))

-j + ( x)ar

- v ↓



= 25]-xdx

·25(x-2()



Y = X3
, y = 8 and X = 0 about y-axis

↓

In
y- mx (0 - 8)

A(y) = πx = +(i) = py-

volume =/Any=yy = /Ey5)":

y = X
, y

= Wol-ip

x2= X

- x2 x = 0 ↑
· I

X(X - 1) = 0
Acx) = π(x)"- T(x2)2

-1
Intersect at ( = 1

, 0)
/

= HYx - xr)ax

- -Non-in:



2 a

M 1 ·-
L

Acx = T1(2-x2)2- is (2 -x)2

V

=jacx a

= [12-432- chexh] ax

:

h) + excax

= (E - - +]
:



Solids of Revolution

v

=/crax
or V

=S
"Acydy

Cross-section area of dis : A = # Crudius)
2

cross-section even of washer : A = # Corter RK - #(inner R) ?

In yuxis so

!! Remember to find point of· line of intersection first .

: In this cuse

! X = X 2

+ -

x2 X = 0

· * (x - x) = (X
= 0

,
1) intersect

so go
from (1)

i : i (1 + ()" - 15 (1 +y)
2

-(2- (1 + y()y

·



Conic Section

B x+y= /4- equilateral- 1- 1

L

x= 1 - x3
↑

xin
Area = E . 2yoisy

=

↳. .R

Aixs = MC1-x)

=jece-) nu

cei-x ax

·
X)

&



X



find the volume of a pyramid whose buse is a sprare with side (

and height is h.

n
I

S In

**
A

volume ==
:/x

:

-



Volumes by Cylindrical shells

Vi = (2 Fi) (f(xi)]1x

V
=/xixsax where oaa

=
x(2 - x)
x = 2

, 8

vxsax
·()x

- x )ax = 2(Ex - [x]
=(i(0 - 2 )= H



~ /'um -xm= 2sitention--

shell height = 11-y 2)

11

=y- Y -

j
17

x= yz
x = 1

= v

=
/ + Yx -yz)dy 8 *

: (Hy - y3
Summary for Cylindrical shell

: 2 (I-g Radius use height instead

Acx = (21x · f(x) ax

A

*



p
= 21-x(X-4 -





Work -> W = Frd
,
f = Ma = MA

->Note : weight is a force
.

a F= Ma = (1 . 27(9
.

8) = 11
.

76 N

W = F0 = (11
. 76((0 · 7e) = 8

.
2 J

6. WiFd = (2016) (6 f+) = 120 ft-16
.

What if the force is not constant.

W
=linf(x* )Dx = "An e!

-

- (2+2x)i

W : jx + ex

I

: + +-
=

( + 9] - (1 +1) need to know conversion ,

=

18-f = 1 f
#



Hooke Law

fex = Ky
(meters

3
Note : convert to M first.

f(x) = kX - 48 = k(0 . 05
5 (m = 0

. 051 +10 . 05) = 10
k = 000 :

0
.

05k = 40 # = @ = 800 f(x) = 800 X
0 . 05

·
.

00 ->10 . 10 - 0 .
1)
-

natural length
W

=S 800xdx = 1 .5
-> 20 . 15 - 0 .17- natural length

1) ForceMicdouw us unit
--

moscin-lt
= F = Ma= F = 200

-

-> Fallt
=

216/+

= 216/ft X

= f= kx

f = 2x
& (2) = 2x



Work = Distance x Pensity x volume

↑

t
Volume = it V2 thickness

= (x) ? dyy

I Pensitywit
2000 x 1

. 8

Distance = +10 - Y)
CO ,0)

findx(0)= : (P0-ye110000 . CHES y

y- Yy = M(X - 4)

Y - 0 = E(X - 0)
= 28001/110-y) ·EX a

y = EXX
= EY

-2000-Y
= 3362827 . 7477

#



Average Value of a Function

face-t faxa
im

Theorem : The mean Value Theorem

If t is continuous on Lu,b) ,
then there exists a number c in 19

,
6)

such that

fac = face = Fr fixe x -fexsax =-



If sets is the displacement

I
Displacement

of the car at time t, then
,

the

average velocity=S

:
I

↓

Displacement
time

at A86 Velocity
= SCtz)-sct)

&Displacent = Velocity + - +Arclength ↳

sict)

L : lim (P: + Pil
n + x i = 1

I f is continuous on (a ,
6)

,
then the length of the care y : f(x)

,
a <<

is

: (
=) [*]rax or (e) a

y = X from (1
,
4)

+ (ext) m=



v = 1+ x

when x = 1
, V=

x = 4
, u = 10

du= fax dx = Ed ↓

·-Ed
I

/
=E 180 %o -13)

# find the length of the arc of parabola y = X from

↳)T2ydy=)To
10

, 03 to (1
, 1) .

↓

- F
= Y = Etuno dy = Est If

↓



: Fry2
-CEtano"=Ftan =co= seco

= /sect · I set do
when y = 0 Fant = 0

see't do so 0 = 0

when y : 1 , tant = 2

· sit-sec do
10 = E = fun -2=&

v = sect du = seco tune de

dv = sect do v = fun E

-

tanoseco-ftunt-sect fund do

: tant see - (tunosect no

↓

·

Jerix-sex dy

I = fant seco-1 + /sect dy

21 = funtseco + In/cec + +unx)

tanoseco + Elect
O

=+ In e
#

↑



1. Y :* point (1
,
1) to (2

,2) of F = -X
*

j dr

· [F
6 ne

,
62 n = 10 1x= 0 . 1 .

fu:

- (ful + + (f) -
1)+ 2 f(

. 2) + Pf(
. 3) + .. -

- 2 f (1
.
8) + + f (1- 1) + f(z)]

~ 1
.
1321



ArclengthFunction

find arc length function for y : X-Elx taking Po(1 ,
1) as

the starting point.

f(x) = x- f(nx f(x) = 2x - Ex

1 + f(x)" = 1 + (2x - Ex)" = 1 + 4 - E + Ex2
=*x z+ = (2x + t)

-
= 2x + Ex

↓



a
= + + f(n + ) " = x + z(x - >

**

Area of a surface of Revolution

An for surface revolution for cone = Firl
↳

Cylinder = 2irh

Surface area can be approximated as

&
↓

SeurfexsFax
↓

S = /25y ds or (2xd



-
·

an
: In ax

·

it +

-

I

:It' ar

·
=ens at

= () - C - 1) = f+ (2) =

8



·<)x+x =
=Cr ax

v = 1 + 4x2 dr = 8xdx

ux=

· · F
- do

:
: (17-iF



in
:

Itjetex
d

v = eX do = edx

nx

=
e

-

- I( ·
T

= 24a
11
X fant dx = seco de

2
= L

1228 . Seco doS

=2,ov
= tunt and = tunte

so if V = 1 0 : tan" (1) = E

It
v = seco du = secotant de

av = Sect at v = fun f

~

secotane - (seco turn 16

↓



Sect-seef
· I = secotano - 1 + Insec + tano

2-E(x20tuno + In (sec + tuno1])
-

e =( - X + (n)x + X()
&

S=nees Inle + Fez) -E-

In ( +1))
.

Hydrostatic pressure and Force

S
I

#1000) (98)Cistnea
When Find a force

,
use F = PA and plug in P.



16 IAn
a

=
X ,I

3x/

n = 27
10

= 100019
.8)((1-Xi)(20 + xi)1x

..
-

I ,Xj 28
=

1000/200 + 10x - 30x -Xax

Huxi 28
=

70009"000-1ex-Xdx
x(a

- xi)

↓. I
10

: 9000(90x-TX -Xyl =
is

O

U

I
x = 30 +

2
- ↑23 22,33 . 33 N = 30 + 1 - vi

= 46 - Xi

· I



-

Useful

ForenFMy
L For hydrostaticcreate

· neisun owwins w resis



7- Yi* Depth =
marrvism-

-

I
11 10

7 Y
-3

i
3

- -

- S

i I
Area =2til . Dy

P = 63
.
+ 16/ft · 17-yi)

old function

=lmc7-i↑
I

so
integral

= /A-y) dy -> 125 . 7 dy-125(Y
F :07 My = 05 . (n())
/

use Y: 3 s in & = = 12
,
37016



F =875)yay day : scos If

= 87 [Fy My
- 3

Y = >sinc dy = >cost do

= 555(2))sing - Scot do

= 1758/sin) 3cost of

=

17509"scost-scost do

: 15250/21028 do

:

15Lose
-

cos
identitas

I
=

15750) fo + Isin(0)
+

: 1875 it

2 #



Moments and Center of Mass

↑ X and M2X = toments of the masses

Sun of moments = M= MiXpy docent of system about the origin

↓

ni = M



moment

↑
My = 3 - 1) + +(2) + 8(3) = 29

!! Center of mass ed .

= ,=
My = 3(1) + +( - 1) + 0(2) : 15

↓
M = 3 + 4 + 8 = 15
->

Moments and center of mass

My= ii-==
Mass = 3 + ++ 8 = 15

My

: Miti
Center of Mass :=-,



Sometime not that easy

-



Full Formula

↑

find the center of mass of a semicircular plate of radius. R

A= Eir2 ax

%
A : Ic)

x2+ y
= B3

FX2 Center should lie on

Y-axis so use i formal

y=x

s



·I) f
-

R

zoen:a

(ox - 1)
=

Thus center of mass at 10, ).

Find the Centroid of the region bounded by the curve

y
= cosX

, y
= 0

,
X = 0

,
and X = E

#
Find area first

A

=/cosxdx = sinx],

↓



Use formula,

:xixs
↓ ↓

=/coax she d

· using sinne · + 2x)dx: +Esin
-1 ·

Centrod at (E-1 , jπ)



find the region bounded by the line y = x and parabolay

Centroid Area-/x-x ar

1o · i:
· -]i

:

3 - z = !

:
:6 -x = 1(-] =
- Long x

:-



Centroid at (2 , 55)
Theorem

-



Consumer Surplus

The demand for a products in dollars
,

is p = 1200 - 0 . 2X - 0 . 00014

find consumer surpts when the sales level is 500 .

so p = 1200 - 10 . 2)(500) - 10 . 0001) (500)2 = 107]

Consumer sopplus = (*x - Pax =+%200 - 0
. 2x - 0 . 0001x2 - 1075) on

⑧

d
DIY

= (25((500) - 10. 1)(500)"
-

10 - 0007)
(500)

= 33
,

333
.

33B.





->
Cardiac Output.

Formula

A = 5 n =10-1
ormid to moon

Simpson Rule =

- (0 .44 + 2(2 . 8) + + 46 .5) + 2(4 ·8) + 48 . 4) +216. 1)

+ [00) + 212. 3) + /(1 .17)

· M . 87

Formula for Cardiac output : Finddinia /min



Probability



Always Let fiction greater than

1
Zero.

cas = 300. 000010-1) :

0x -0
.
006

--



6) = = p(pex = 8)
= jof(x)ax

= 0 . 5th

f (H) = 20itO to = 0

of
- = Partset.+ fit- D

=Shetat.lie
ta

- le(in -
= E - E = 1st =

so every exponential density function has form file : 30 ita



Mean



Find the mean of the exponential distribution

if +p

fite-diet i + =0

I

probability density function = N-1 IN if + 2



onls cheat sheet.

"
mean property density function

.

=N-eif += 0

(a) find N=e

= 0 . 2( -5)E
= 1 - 2 20

. 1813
↓

Probability the call answer :
18 %.

*

c) Octast

=/fited=(0
.

2 c

-liv/zentle
: E-0-0. 308 or 37 %

#



-



185
, 1153

()=
=

- 0
. 68

16) P(X190)
=/Sex-co

P ( + >100)

-10-
-100

F

1x = 0 .
0038



(a)

:/Sox
- x2.-

: 1 so prove for 0 = X 1 1

↑

26) Find P = 1)==oriey no

- 0
.

34637
.

6 percent
k





↓
Maximum value of a in Pars -> use differentiate

&





Examples

(n) The produbility of choosing a random Tire with lifetime be tween

30 , 000 and 40 ,
000 miles

.

(6) Sure -> higher than 2500 miles
.



(a) /Sect at

16)go fate at

(a) : jeox/2002 - 2x + 1)

/
saz0 < (1 - x)28 : 'cox-box + sox

>

: 30('x = 2x + x2



: sol- + ]
= 35 - y + 5) =

"10( * - *** )
*

= 0
. 207

·

I

(a) fix) zov
10

=



16)

min
25

#

p(x= 10)
:--NYRT

=
- (x -42/(214 .214)ax = 7

:
Wila

↓



=low-in a
↓

= 0
. 443
#

Trick question

Y

P(N - 2s = x = N + 2S)

N + 2 S

= Lite
-

(x
-N)Y(254ax

= 1
-> G25 X

N- 26

7 -
sub= -> at= x

=ep(ES)
↓ correct .

not calculate in
salul not



100

=

/ < pcx - p)nx

= P : 2000 - 0 . 1600) - 0 .
01400)2

p = 1890

= /1000 - 0 . 1 - 0 .

01x2 - 1890) de

/100110 - 0 . 1x - 0
.
01x3

* 7166
-

666 I

: v
= vE = xx- + = 0

x= t
, 8

Area - Exax = z



I

=( - Ex)dx 5: C*]
: a :-
=(
: (5) : 1

centroid = (11)



X

fit
= /(

- -Ea + f()=-1
-

>
Fundamental theorem of lakcols

↓

1 + (a)= 1 +LE - 1)=

↳

(x + 1)(0) -

c) c) T:i

·



·
length of cef 3

. 5727

/yes = 2)Fie = 22
. 1321

=-)=
Y=

Easy way :

Y aris use XY(X+: 2

X + 1 ↓ "2Xd :2)e

M = 29
.

2122

x=

z
-

1

f(y) = -

2y
-

2



!!!

-

=/pex-p--cale
price -> Consumer Surplus

6 -> sale
level

sale level =(px - p

= P =(10) =

selling price- pa =

10 - = 10 = 37 =

conssorplose) "Toox-py are<Paxs-102

·-10

= 20 In (x + 8) -

10x)
*

= $07 . 25



h! ↓
5 -x 1 2ft

cas = Pressure : Papyd
no need to evaluate integral

= (2 .

5 (3) = 187
.5

↓ is apraviveXX

1
16)j f = P . A = (187 .5) (A) = (187 .5)) = 1875 16

on the bottom so no need integral
5

- I J

S 3- (5-Xi)
b

2
(xi - 2) 2 ex

J
-

(1
.
5 /2x - ↑ a

2
- 562 .

5

area of
strip : 21 X

sensu wne
-



g wordinate vol
3 - VO]

X ,
2

ex

=

1 .5)(11-V ,)
· 2ax ·re

8

i
O

2

: 12
.53 :2 dr

= xi . 2

62
.

5% ar a = 2000



O

-Xi=

3 =
Pressure on strip : 2-B-Xi) :

- 1 + Xi n

=
or(Xi - 1) ↓

"h5(( -1*
+ ) ex a = 4+

I

= 888 .

888

Ans = 880
.25
A



L
↑

↑

x=
D

.

I x-E = 0

(4)
1

* (x= -1) =

-

A = /ir - x2) = at -y = 0
. 35

· F- xx -(
F- )

= 0
. 45

,

5= (2 - (2 = 1
.55x - + : (E - *]
:

centroid = 10
.

15
,

0
. 85)

% =line ,

YoInSe

=

Sinx + cost]
= - 1 + E

↓



:-1

ER(x(0x - sinx]

= 0 .
267

H

:I't/icoss2- (sinx >
2

↓ I
~ 0 .

6
.

Mi 2new ber

Centroid = 10 . 267
,

0
.

6



-)
x = 1

-

- In-x) an

·
I'* -(x" - 1) dy

= My -y + 1 dy

- +]1



y
=
(

- 2)2

Y = X

· (4 ,
4)

( , 1)
(x - 2)= 7

: &

x24x + 4 = x

x2 5X ++ = u

jox-x-2)a (x - 4)(X - 7) = 0

x = 4
,

1

=

.
20

,
0 )

~

: (Exp - * >] My -> A
=S-y - (x) -1)) my

:jux-ye) dy = &a -y - ) dy
= -



a + 42
X

=

- = 24 2

# y2 = x-P

%

- =Fr

↑

a+ y2= zy2 2y2X

Y= E

4 = zy2-y =E

a = y2

y = 12

8foyy-cyn] dyn Scry avI

[Ym - xz]



#nArea y = cosX
, y = 1 -

2

1 X = cosX

· 1 = cosx + Ex

T

X = I
, I , -check

ord

(C) - Ex - cOSX) dx
T

I

· X-E-sin
= (π -

-sini)
- (E -E sin()

- [- - 1]
· - -1) :

-Le
symmetry to oto it

[

so

/I = -



7. Sketch find area of the region

y = = / Y = X , y
= EX

7

L A

=j(
-

z)a + ) (t - z)a1
:ji
·

(5 *) (t-t)"

Axio
: to (f(0) + f(60) + +(100) + f(00) + f (80)]

= 10(105 . 8) = 1232
.



/game
area

(a) Car A -> during the 1 minute interval it have higher velocity.
↓

Area under the curve islinger .

16) The distance difference between the two car after 1 minute.

(2) after I Minute cura is still ahead as it have creater even under corre,

(d) around 2 : 2Minut



/
:Mix )

U

H - x
= rc" - 37 = 4)

= 8)
-

: 57

8" = 1728

c = 216

E



f(x) = kx

2000 = k(E)
200 = 24k

= 4000

f(x) = 400X

=
passen nirua patos a coordinate.

6

=/rox
dx = 2000x = For

**

:
at the end paint : 8 Pound

wih) = weight as height h

WOC=2 wil-
15



work/30(-)an = 12h- = 310ft - 16)

Weight is in newton and pounds = Force

find = of

zax I
10 x de

_
- 2500



**

·->
Distance from a fond

-

work

=/d (A)



Sequence

=

Su = 1 , 19359es---gang

! -
first tere second term

an = -1)" )



im =

A sequence dan3 has the limit Land we write

liman = 1 or ap- (as n -> &

n o !
Limit

If limit exist ->Su converge
↓

doesnot exist- -> Sn diverge .



Limit of a sequence=

liman = 2 or un-> Lan n -> X

n -> a

for
every 330 there is a corresponding integer N

If n > N then lan-21 <

Theorem 1.

n =
Integer

If limfexs
= L and fens = an - then lin ane

n ->

E· Find litt (If]

= 0 From the theorem we know that

#

Im E = 0 when-o

Definition
-

lim
an = mean that for every

n = x

positive number M therere is integer N

that if n > N then an > M.



Squeeze theorem

If in ? On ? In for ne no

lim an = lim In = L
, thenliMh-n -> 1 ->x

Theorem
-

Iflim lanl = 0
,

then lim an = 0

n = x n =0

#limit
-o E

E2 Is the sequence converge or diverge

· lim an = L

n -- X

in
diverge .



Endm
him =0 conveya

find Determine Whether this sequence converge or diverge

9
= c - 1)n !!) don't mess up

↓
Oscillate beween 1

,
- 1 so Diverge

im
= Lin

↓

converge

Theorem

If lim an = ) and the function + is continuous at L
, then

h -> x

lim flan = f (L)
n - 0



Endim sin()
din ,

continuous at

= sin (nI] = since = 0

#

Discuss convergence an =
↓

= n . (n - 1) . (n - 2) (n- 3) . ... 3x2x]

un

= 2 : his
Ji 5 x +x 3x2x7

5 + 5x5x55<
-

ocant

im * = 0
-> Thus by the spreeze theorem ,

this see o

converge to zero
,



Find r for convenient Era]

Theoremlimm : Lia

If-110
, then 0 < /n/71

,
so

lim(r)=limrk = 0 e n
n =x

ForFuture use the sequence

If r2-1
,

then Suny diverges n"-> converge if - 1 < +11

and diveuge for all other value of

so - 17 r 11
-

Slimm
= O it a

⑪ 1 if v = 1

Increasing
,Decreasing ,

and Monotic sequence

an -> increasing if In <un + y

for 121,
conotonic if it is

that
, 7 a

<z ...

either increasing or decreasing .

decreasing in9n > in + 1 -> n3 1
Is this sequence

decreaseanab



Bounded Sequence

Every bounded
,

monotonic sequence is convergent.

↳ ·Bounded Below

(4n > u)



Induction

I .
S

,
is true

2. S,
is true whenever sp is true

Then S is true for all positive integers .

0 . 125

a
= 2 9 = 5

.

875

10 . 0625

a
= [ (4 +5)[2ay = 5

. 9375

= - (2+ 6) = +

Il Might converge to 6
.

9 = +( + 6) = 5

J
125

3S

I 0 . 5

&= (5th) =

1 = 5 . 5

f = E(ist)) = Ele = 5
. 75



To prove the sequence is increase we can use induction.

that an < in + 7

Test for 1 = 1 ·

+

=

< (2+b) = 4

-a = 2

Prove
#

Now assume U is true such that n =n + 1 is also true .

If n = n + 1

then

"n + 1
<-

try to prove

Starta < an + 1

= (in + s)c(n + 1

+ b) b

= =Can + 6) > (in +
+)

L

According to formula
= Ente + b),

= Lot

M
so

anty an +

Prove increase



Check by induction if the sequence is bounded by 6.

ak < 6

test= -> 9
,

26 -> true

assume K is true such that a

+y
<6

9476

ap + 1 < 12

& (an + 6) < &(12)

·

an +17 Y Prove

Check the limit to see which number it converge too .

lim ant = limeCan+b= lie Unt : Cht1 - x 1 -> x

Since "p->1, it also show that an
-> L(asn +> 0

,
n + 1 -> x)

L= Ch+ b)

↓

E



Series
If we add the terms of an infinite sequence.

Infinite Series= an or an

Partial Suns -> Sp = d+ a + @s+ .... + dp=
Definition = 20An+

↓
If the sequence

is convergent and lim Sn = s -> real number

n
-> X

then the series [In is called convergent Note!

↓

air
so Un = >

- converse e

If it diverge (OGN) -> this series also diverge.

# Sn=Note:SupposeWeknow
that the se of the first tesas

↓

Sun of series islivin
-



Geometric Series
If

-11
-

Sp = a( - un)

art 1 - n

v = common ratif

limp- ! When 11/1 - > series converge and sun

Sun
When =-1 or 131 .

the sequence Gundy is divergent.

Example Find sun of

5-+ -between
- in

after and
first term = 5 v = - as -31 then the diverge

series
converse and sun

=
t:



*

Ex. 2 is the seriesIn converge or diverge

as arn- oto

inc-n- make simiral

= 22(n)g
- ( - 1)

-
n = 4

, v = g - 15) > 1 -> Diverge
# I

**

cus = Concentration = In
~

Daily dose

Before inject next day = 0 . 3 (n + 0 . 2

ThreO 0 . 16 + 0 . 2 = 0 . 2

Ca = G

( + 7
= 0 = 0

. 3(0 . 2) +0 . 2) = 0 . 26

In = 12

(2 + 1 = ( = 0 . 320 . 26) + 0 .

2



16 After the with lose

(n = 0 .
2 + 0

. 2(0 . 3) + 0 . 210.
3)+ ... + 0 . 2(0 .

3)h
- 1

as a = 0
.
2

,
r = 0

. 3 Su=) (finite geometric series
1 - V

( = 0
. 321 - 10 . 33] (1 - 10 .334]

1 - 0 . 3 >x -

0 limit of concentration
10

(os)"=

lim =im(1-3)=

*
#the the number 25F = 2

.
3171717 as a ratio of integers.

2. 3171717 = 2 . 3++ ..

n==
a luk 1 so it convergent

= t =23
=



Find the sum of Series , where I

u = 0

= x + x+ x+ 13 + ....

-

= 1 + x + x* + x3 + ...

a = 1
,

r = X as NK1
↓

converge
sun:

#

E. a
. show that is convergent and find its a

↓ b

nintes = t

·

·
+...F
-live- = 1-0 = 1- Thus convergea



showte ....

> Harmonic Series

* Might be on
final

1 ->

Iflin an = 0 -> then we cannot conclude yet if it converge or diverge o



Divergence test

If the series& In is convergent , thenlim-
n =

1

However the theorem is not true in general . If lim an = 0 we cannot
n -> 0

conclude that Zan is convergent
.

If lim an does not exist or iflim In 50
,

then the series & is

n ->0
n -> 0

divergent

In general If we find that lie
an to

,
we know that Zan is divergent.

n ->

But
,
if we find thatlimIn = O

,
we know nothing about the convergenceo a

divergence of an

Show that the series is divergent.a

In- Diverge by divergencetest im-

i
Ans = 3 . 1 + 1 = 4

1

·



Integral test
supposef is a continuous

, positive , decireusing

function on (1 , %)
1 If o fixs an is convergents them In is convergent

2.

Ifgas o is diversent
, then an is divergent

Convertendivergent?

·
T = arctun(n]
:- conversi



↓
PS

is convergent if p >> and diverge if pe

ocp - 1

Converse

Diverge

1) Sun of series is not equal to the value of

the integral
In general:



= Other ways

v= /nx du : Lax
av = f v = (n(x)

( = In (x) - (inx .1

I = Inex- I

m
im It

-I
=* diverge.



↓

Decrease

b
Increast

-





Conveya or

Divergei↓
We know

= converse

p = 2) 1

ent Converse by part of the comparison
task

,



Converge or Diverge:

#

& is divergent (p series with p = 1) -> Diverge by comparison

test .

converge or

Diverge ->
thos , by the limit

converge comparison
test it also

n - (n - 1) Laure

n - n + 1i
convergl



Converge or Diverge.
b

↑

·m

·
1) O Prove by limit comparison test

,

as InLim = Diverge (Pseries <1)
b

Thus an also converge



Alternating Series

1 - z + 7 - y + 7 - 7 ...
I + 5 - 3 + q -5=
q = (1)"6y or an = -13 "on

On is a positive number

↓



Convergence/Divergence.

H
↳

Dr bu+1 bu

lim= Converse
n -> x

1. 2 = Application of interval

3. = find integral

& = Application interval

5 = Probability ,
6-7 ,

= series



Theorem

lisnton thi
↓

ch! I
j

(ii) Oct + 0 so to as



Absolute convergence

Conditionally Converget

Convergent but not absolutely convergent.

#

not drinate
Icosa111 ->- It

is convergent

-pseries with p
= 2

b



Decrease

t

Tax in( +-Y

I
as< comparison test

*
-> (pseries as p > 1) so converge

=in(
=



First 100 term
=T =

0 . 00005 - max era

approximate : Sat fox S+ a

i finite serics

in x = -Sn + 2tm

500 + s -

>-0013

↓

5100 = 0 . 6009538 + ->
answers (computer)



Ratio test This zon -> convergent

n
W

-
limI

- -(1 +

+)'
se ratitu



Im
im

I

&

Boot test e > 1
, so diverge.



↑



Example

=
h ->

-> Comparison testi
↓

·
P > 1 so

converge
↓

After that use

test. ):↑· o
-

3 +4+3 -
= 3 = 170 ·↓

So both converge



& ne-n2-c Integral test
n = 7

ve
- x2

·

xe-ax!
v = -x2 dr =

- 2xdX

av = dv
-

:
-

2x

=

-IPerdo ,
ora

↑

g

-Elim
= 0 . 1831 so

converyl



-- Alternating

on + 1
<6

lim = 0 coneas

= Ratio test

Lim
im+

=

0-

converyl



In
↓

a = 1 v = - -> 1r14

so converge

according to
comparison test

,
as bu converge , an also converge .



Power Series

-

=liml)a
-

Converse when x = 0
.



·

·
=-

for a

#

5
.

is (-0 ,
0) = R.





Radius of Convergence

Usually use ratio test

=
=

3.imim
= 3/X1asn -> 0

↓



converge when 3/X/ < 1 and Diverge when 31X1)1

·
: It im + =
It- 1

·in
-





Express2 as the sum of a power series

·

:

=1
v = - x4

Ir11 -> Converge

1- x2/71

V-1X1

-kX-
radius of conversence

Interval =

C - 1
, 1)

sum of power series

"C



t =

Check later

!!

:
a = Ev = -

1r/ < 7 -> converge ~ E
"

:

1 -E() ->
* 2 >

-2x-R
Interval = (-2 , 2)



1 ! I.

*()
↓,



(*):

2: + 2x + 3 ...-



tur =)
- Je-x2 + x*-Xi ... )dx

= ( + X -+

cas Evaluate (c) as a powerseries

·

S:
1 -x-1

X71E
-kX1

(*) : 1-x*+-x
- x35

C +

·(C) an
7 - 7

- Enti ) Z come from inteyria



TaylorSeries and Maclarin Series



note

: lim = 0 for
every real number. I



Prove that" is equal to the sum of Maclarwin Series.

Find the taylor Series for fexs = ed at a=

↑
'

(2) = en fixed a s
= flas + fas (x-n)+-

·-



-

Sinx =x-

·



X cosx=

↓

Taylor Series

=Ein
=





=
!

· It
a = 1 V =


