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A function f is called piecewise continuous over the interval / C R if f
is defined over / and continuous at every point of / except for a finite set of
points t,...,ty € I, at which f has finite left and right limits.
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Example

0, ift<0
f(t) = )

1, if t>0.
Function f is discontinuous, and we can prove that there exists no differentiable
function x such that x'(t) = f(t) for all t € R. However, there are situations in
which we may want to interpret and solve such an equation. Ideas?

Definition: Improper integral
Let f be a function defined on an unbounded interval [a,c0). If the integral

f: f(t)dt is defined for all T > a and admits a finite limit as T — oo, then
we say that the improper integral of f over [a, o) is convergent and write:

[m F(t)dt := YIEnw/;T F(t)de.

If the limit is infinite or does not exist, then the improper integral ff" f(t)dt
diverges.
Remark

> We can have a convergent [ f(t)dt while f(t) does not converge to 0.

> If [ f(t)dt converges, then so does the series 3 an, with a, := j,,"” f(t)de.
> The converse is not true: take f(t) = sin(27t).

> If f(t) = O for all t larger than some M, then T > f: f(t)dt is an increasin
function of T, and thus has a limit L € RU {occ} as T — oco. (We still say tha
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Find the Laplace transform of

sin(t)
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Theorem: Comparison

Let f, g be piecewise continuous functions defined over [a, c0) satisfying, for
all t large enough, 0 < f(t) < g(t). Then:

/amg(t)dt<oo = /:of(t)dt<oo
/:of(t)dt:oo = /:og(t)dt:oa

Definition: Absolute convergence

If [ |F(t)|dt < oo, then [ f(t)dt is convergent. We say that [ f(t)dt
is absolutely convergent.

Remark
A convergent improper integral is not necessarily absolutely convergent: e.g.,
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Definition: Laplace Transform

Let f be a function such that the integral below is defined for some s € R.
The Laplace transform of f(t) is function F(s), defined as
glways as st

1)

for all s for which the improper integral converges. We denote: F = L(f).

L(F)(s) = F(s) = fuwe’“f(t)dt j

Note that £(f) only depends on the values of f(t) for t > 0.
Theorem
Let f be a function defined over R such that:
> f is piecewise continuous over every interval [0, T], T >0,

» f is of exponential order: there exist constants K > 0, M > 0 and
a € R such that

vt> M, |f(t) < Ke™.

Then the Laplace transform F := L(f) is defined for all s > a.
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Exercise

Express functon 35 3 linear combination of eaviside functions, and compute its
Laplace transform:
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Definition

Let g and h be piece-wise continuous functions defined for t > 0. We
define their convolution f for t > 0 as

In each of Problems I through 12:
(a) Find the solution of the given initial value problem,
(b) Draw a graph of the solution.
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» In all the applications, we assume that the solution y of the studied (S — a)
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Laplace transform.
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The Dirac delta 6, admits a Laplace transform, and for a > 0, we have
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The case a = 0 is more delicate, since the Laplace transform is defined on R,
Example
We have

£(Yaida) (9) = Y aree.
Solve the IVP
Y +3y +2y=06-26, y(0)=1 y'(0)=-1.
Let Y = L(y). Then:

L(y') =sY(s) —y(0) =sY(s) - 1,
L(y") =52Y(s) — sy(0) — y'(0) = Y (s) — s+ L.

We get:
(P+3s+2) Y(s)=e* -2 +5+2,
hence: 22 2
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Part (a)

Suppose we use f(ct) rather than f(t).
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Make the substitution = = ct. Then dx
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(b) Show that if k i a positive constant, then
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14. Find an expression involving i (1) for a function f that ramps up from ze
value hatt =ty + k

15. Find an expression involving t (1) for a function g that ramps up from ze
value /i at 1 =ty + k and then ramps back down to zero at t =  + 2k.
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. where ¢ is an arbitrary constant
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